ao-aom  ast 


unclassified 


STANFOftO  VMIV  CALIF  SUIOANCC  AND  CONTROL  LAB  F/t  0/9 

STUDY  TO  OEVCLOF  ORAOXOMETER  TECHNIOUES. (U) 

JUN  77  0 B DEBRA*  E J PELRA  Fi96aa-7<l<-C-01Sa 

AFiL-TR-7S-0a97  NL 


ADA048252 


AFGL-TR-76-0297 


STUDY  TO  DEVELOP  GRADIOMETER  TECHNIQUES 

Daniel  B.  DeBra 
Eugene  J.  Pelka 

Stanford  University 
Guidance  and  Control  Laboratory 
Department  of  Aeronautics  and  Astronautics 
Stanford,  California  94305 


Final  Report 

July  1975  through  June  1976 
June  1977 


Approved  for  public  release;  distribution  unlimited. 


AIR  FORCE  GEOPHYSICS  LABORATORY 
AIR  FC«CE  SYSTE2dS  COMMAND 
UNITED  STATES  AIR  FORCE 
HAN8COM  AFB,  MASSACHUSETTS  01731 


Qualified  requestors  may  oMain  additional  copies  from  the  Defense 
Documentation  Center.  All  others  should  ap(dy  to  the  National 
Technical  Information  Service. 


moo  coveneo 


6 P’EAfORMiNO  ORG.  REPORT  H\J\ 


• COWTR 


AOORCSS^//  dUtmrmtt  trom  ControlUng  OfHe0) 


fS«.  OCCt  ASSimCATlON  OOWNCRADINC 

schedule 


9 PCnrORMtHC  organization  name  ano  address 


Stanford  University  ^ 

^^uidance  b Control  Lab.,  Dept.  Aero  & Astro 


II  CONTSOLLINb  OFFICE  NAME  ANO  ADONESS 

Air  Force  Geophysics  Laboratory 

Hanscom  AFB,  Massachusetts  01731 
Monltor/James  A.  Hammond/ T.Wrt 


15.  security  class,  (ot  Ihlt  rapoN) 
unclassified 


IS  distribution  statement  fol  Ihit  Raporo 

Approved  for  public  release;  distribution  unlimited. 


<5  sufflementarv  notes 


tt  kCv  words  fContfnu0  on  r»v«r««  §id0  tl  n«c«««Ary  md  Idontlly  by  block  ntmbof) 

Hughes  gravity  gradiometer , parameter  estimation,  on-line  compensation, 
Draper  Lab,  rotating  gravity  gradiometer  (RGG),  error  model,  EU,  sensor. 
Bell  Aerospace,  output,  error 


Abstract  rCaailnua  an  raaafaa  alRa  U naeaaaarr  an^  Hitillr  *r  Woe*  numbtt)  . e,..  m ^ 

The  primary  goal  of  the  gravity  gradiometer  research  effort  at  Stanford 
University  has  been  to  establish  the  feasibility  of  operation  of  a gravity 
gpadloBieter  In  a closed  loop  oiode,  A parameter  estimation  tecbnlQue  will  al* 
low  for  cn-llne  modification  (compensation)  of  the  sensor  output  signal,  as 
well  as  lor  trlwslng  of  pertinent  sensor  physical  properties  so  as  to  im- 
prove Inftrument  performance.  Gravity  gradlometers  are  required  to  operate 
with  an  accuracy  of  1 BU  (EOtvOs  unit).  This  is  so  demanding  that  closec- 
loop  mode  operation  may  be  essential.  Although  attention  has  been  focussed  . 


1473  KOlTlOH  OF  ) NOV  ••  It  OStOLtTt 
S/N  0102  LF  014  0001 


ttCuaiTY  CLAMIFICRTION  OF  THIS  SAOt  rSSOT  OM* 


Yo'j 


17.  DISTRIBUTION  STATEMENT  fo/  IAa  mbttrmct  tntmttd  in  Block 


security  CLASSinCATiON  OF  This  PACE  rUTiwi  0«I^Fnl»^4J 

report  documentation  page  r t,EFORfcOMjLE™FOKM 

< pg  ^ i?  fTfTVrT^I  3 RtClPlEMT*$  CAT  ALOG  NUMBER 


AFGlj^TR-7fr-^29^ 

4 TtTcE  (mn<t  Subtitle} 

T 


I^TUDY  TO  DEVELOP  GRADIOUffiTEK  TECHNIQUES*  j 


P AuThOR(»> 


Daniel  ByOeBra  401  Eugene  J./pelka  / ^^'19628-74-0-^162 / 


NUMBER  or  rages 

334 


rORM 
1 iAN  71 


SICUXITV  CkAMIFiCATlON  Or  TMtS  PAOCr•'^•«  OM«  Enffd) 


exclusively  upon  the  Hughes  rotating  gravity  gradlometer  (R6G),  the 
parameter  estimation  method  developed  Is  applicable.  In  principle,  to  any 
Instrument  subject  to  dynamically  Induced  errors. 


[ ACCfSSION  tor  j 

NTIS  *■  f " 

-•io«y 

OOC  8 tl  Se. 

.00  G 

UhAHNO'iNC'f) 

□ 

JUStlflCAHON 

BY 

OBIIIIBUIlQI/AVlii'miTY 

Ttt 

"OisI 1 

, CljL_ 

tCCUHtry  CtAtSirtCATlON  of  TNIS  ^AOtnU^Mi  Datm 


TABLE  OF  CONTENTS 


Chapter  Page 

TABLE  OF  CONTENTS  ill 

List  of  Figures lx 

List  of  Tables  xvll 

List  of  Symbols  iocl 

English  Letters  xxi 

Greek  Letters  xxv 

Subscripts  xxvli 

Superscripts xxlii 

Abbreviations  used  In  Text  xxlii 

I.  INTRODUCTION  1 

A.  Gravity  Gradiometer  Background  and  Applications 1 

B.  Purpose  of  Research 3 

C.  Chapter  Contents  4 

D.  Contributions 6 


II.  GR.\VITY  GRADIOMETERS  7 

A.  The  Gravitational  Field  and  Its  Gradient 7 

B.  Some  Comments  on  the  Philosophy  of  Gradient  Sensor 

Design 9 

B.l  Sensor  Concepts  9 

C.  Gravity  Gradiometers  Under  Development 10 

D.  Hughes  Rotating  Gravity  Gradiometer 10 

D.l  Sensor  Physical  Properties  12 

D.  2 Reference  Systems 14 

D.  3 Rotating  Gravity  Gradiometer  Sigpial  Equation,*  The 

Twice  Frequency  Torque 14 

D.4  Simplified  Gradiometer  Signal  Development.  Steady 

State  Operation  Approximation 17 


D.  5 Rotating  Gravity  Gradiometer  (RGG)  Output  Equation  . . 20 

D.  6 Hughes  Gradiometer  Signal  and  Error  Torque  Levels  . . 21 


Hi 


TABLE  OF  CONTENTS  (Cent) 

Chapter  Page 

E.  Draper  Labs  Floated  Proof  Mass  Gravity  Gradiometer  . 21 

E.l  Cylindrical  Gradiometer  21 

E.2  Spherical  Gradiometer 23 

F.  Bell  Aerospace  Corp.  Gradiometer 24 

G.  Gradient  Tensor  Determination 26 

G.  1 Measuring  the  Gravity  Gradient  With  the  Hughes  RGG 

Orthogonal  Instrument  Triad 27 

G.2  Measuring  the  Gravity  Gradient  With  the  Hughes  RGG 

Non-Orthogonal  Instrument  Triad 31 

G.  3 Measuring  the  Gravity  Gradient  With  the  Draper  Labs 

Cylindrical  Gravi^  Gradiometer 49 

G.4  Measuring  the  Gravity  Gradient  With  the  Draper  Labs 

Spherical  Gravity  Gradiometer 53 

G.  5 Conclusions  Regarding  Gravity  Gradient  Measurement  . 70 

ni.  HUGHES  GRAVITY  GRADIOMETER  ERROR  MODEL 75 

A.  Introduction  75 

B.  Instrument  Error  Sources 76 

B.  1 Linear  Acceleration  Induced  Torque,  77 

B.2  Axial-Torsional  Coupling  (Yankee  Screwdriver  Effect)  Cyg  78 

B.  3 Non-principal  Axis  Spin  and  Mass  Center  Offset,  • • S3 

B.  4 Elastlc/Spin/Princlpal  Axis  Misalignment,  . . 85 

B.5  Platform/Sensor  Axis  System  Misalignment,  . . 89 

B.  6 Sum  Mode  Mismatch  Error 91 

B.7  Arm  Anisoelastic  Error  Torque,  97 

B.  8 Spin/Elastic  Axis  Displacement 98 

C.  Differential  Torque  Output  Error  Summary 101 

Iv 


TABLE  OF  CONTENTS  (Cont) 


Chapter  Page 

rv.  DEVELOPMENT  OF  PARAMETERS  FOR  ESTIMATION  ...  105 

A.  Introduction 105 

B.  Error  Equation  Development  105 

B.  1 Output  Equation  Simplification  112 

B.  2 Inclusion  of  Spln/Elastlc  Axis  Misalignment  Angles  . , . 117 

C.  Input  for  Parameter  Identification 120 

C.  1 Measurement  of  Sensor  Dynamics 121 

C. 2 Parameter  Identification  Input  Selection 121 

D.  Error  Equation  With  Specified  Inputs 123 

E.  Parameter  Independence  . 126 

F.  Sensor  Input-to-Output  Transfer  Function  127 

F.  1 RGG  Spin  Rate  Selection 134 

G.  Effect  of  Frequency  Considerations  on  Parameter 

Identification  input 136 

H.  A Comment  On  Parameter  Identifiablllty 136 


V.  OUTPUT  EFFECTIVE  PARAMETER  (OEP)  ESTIMATION 

USING  PARALLEL  FILTERS  AND  PHASE  SENSITIVE  SIGNAL 

137 

137 

138 
141 
145 
148 
154 
154 

162 


) 


DEMODULATION  (PSSD)  

A.  Introduction  

B.  Parallel  Filter  Formulation — Pj,  Pg  Estimation  . . . . 

B.  1 Rate  Filter  Formulation 

B.2  Torque  Filter  Formulation 

B.  3 Parameter  Estimation 

C.  Parallel  Filter  Evaluation  of  P^^  and  P27 

D.  Phase  Sensitive  Demodulation 

E.  Comments  On  The  Parallel  Filter  and  PSSD  Approaches  to 

Output  Effective  Parameter  Estimation 


TABLE  OF  CONTENTS  (Cont) 

Chapter  Page 

VI.  OUTPUT  CORRELATION 165 

A.  Introduction  165 

B.  Output  Correlation  Concept  165 

C.  Concept  Demonstration  168 

D.  The  Effects  of  Correlated  Random  Input  on  Estimator 

Performance 173 

E.  The  Forced  Input  Correlator.  Definition  of  the 

Correlation  Function  174 

E.l  The  L^  (Second  Order  Lag)  System:  The  Basic  Forced 

Input  Correlator 175 

E.2  The  Frequency  Discrimination  Filter  Correlator  . . . 181 

E.  3 The  IL^  System  (Integrated  Second  Order  Lag)  ....  181 

E. 4  Higher  Order  Filters;  The  L®  (Sixth  Qda:  Lag)  System  . 183 

F.  Platform  Input  Frequency  Selection 186 

F.  1 The  Correlation  Functions  186 

G.  Correlation  Technique  Performance — 6th  Order  System  . . 197 

G.  1 Closed  Form  Solution — Pj^  Estimation 198 

G.2  Correlation  Technique  Performance — Pj  Estimation  . . 202 

G. 3  Correlation  Technique  Performance — Pn  Estimation  . 202 

H.  Conclusions  Regarding  a Correlation  Approach  to  Output 

Effective  Parameter  (OEP)  Identification  208 

H.  1 Pivot  Stiffness  Knowledge  Requirements  209 

VH  ACTIVE  PARAMETER  CONTROL  .213 

A.  Introduction  213 

B.  Selection  of  a Method  of  Control  213 

C.  Control  Law  Development  214 

D.  Example  of  Under-Determined  Least  Squares  Parameter 

Control  217 

Vi 


TABLE  OF  CONTENTS  (Cont) 


Chapter  Page 

VIII.  EXTENSION  OF  THE  INSTRUMENT  MODEL  TO  A CONTROL 

COMPATIBLE  FORM  221 

A.  Introduction 221 

B.  Expression  of  Arm  Mass  Centers  and  Inertias  In  Control 

Compatible  Form  223 

C.  Arm  Compliance  Model  Development 226 

D.  Axial  Arm  Compliance  Calculation 229 

E.  Lateral  Arm  Compliance  Calculation 232 

F.  Arm  Compliance  Calculation 236 

G.  OEP  Formulation  In  Control  Compatible  Form 237 

H.  Coarse  Control  Of  Arm  Compliances 239 

DC.  OUTPUT  EFFECTIVE  PARAMETER  CONTROL  USING  UNDER- 
DETERMINED LEAST  SQUARES  243 

A.  Introduction  243 

B.  Control  Configuration  243 

C.  The  Parameter  Control  Problem 252 

D.  Parameter  Controllability 252 

E.  Digital  Simulation  253 

F.  General  Error  Case  Tests 265 

F.  1 Test  Case  4 — All  Model-Mass  Values  and  Pbsitions 

Perturbed 266 

F.  2 Additional  Test  Cases  279 

G.  Variations  In  The  Nominal  Control  Mass  Values 291 

H.  Reduction  In  the  Number  of  Control  Masses 297 

I.  Conclusions  Regard..ig  The  Under-Determined  Least 

Squares  Controller  301 


X.  CONCLUSIONS  AND  RECOMMENDATIONS  FOR  FURTHER  STUDY  303 


A.  Conclusions  303 


TABLE  OF  CONTENTS  (Cont) 


Chapter  Page 

B.  Recommendations  For  Further  Study 304 

APPENDIX  A : 

THE  CONTROL  MASS  MOTION  MECHANISM 305 


APPENDIX  B : 

AN  APPROACH  TO  COMPLIANCE  FINE  TUNING 309 


vlli 


LIST  OF  FIGURES 


Fie.  No.  Page 

i-i  eOtvOs  torsion  balance  gravity  GRADIOMETER  ...  2 

II-l  HUGHES  RESEARCH  LABS  ROTATING  GRAVITY  GRADIOMETER  11 

II-2  HUGHES  GRAVITY  GRADIOMETER  ROTOR  ASSEMBLY  AS 

MODELED 12 

II-3  SIDE  AND  AXIAL  VIEWS  OF  HUGHES  RGG  FOR  AXIS  SYSTEM 

DEFINITION 15 

II-4  IDEALIZED  ROTATING  GRAVITY  GRADIOMETER  UNDER  THE 

INFLUENCE  OF  THE  GRAVITY  GRADIENT 16 

II-5  SIMPLIFIED  SENSOR  MODEL  DISPLAYING  SENSOR  TORQUE  TO 

SIGNAL  CONVERSION 17 

II-6  DUMBELL  GRADIOMETER 17 

II-7  AXIALLY  SYMETRIC  CYLINDRICAL  FLOATED  PROOF  MASS 

GRAVITY  GRADIOMETER 22 

II-8  DRAPER  LABS  FLOATED  SPHERICAL  GRAVITY  GRADIOMETER  24 

II-9  BELL  AEROSPACE  HEAVY  PROOF  MASS  ACCELEROMETER 

GRADIOMETER 25 

II-IO  BASELINE  HUGHES’  GRADIOMETER  GRADIENT  MEASURING 

SYSTEM 28 

II-ll  MEASUREMENT  REFERENCE  SYSTEM  ORIENTATIONS  FOR 

THREE  ORTHOGONAL  RGG 31 

11-12  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS 

SENSOR  2y  AXIS  ROTATION  NOMINAL 40 

H-13  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS 

SENSOR  2y  AXIS  ROTATION  NOMINAL 41 

11-14  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS 

SENSOR  2y  AXIS  ROTATION  NOMINAL 42 

ix 


LIST  OF  FIGURES  (Cont) 


Fig.  No.  Page 

11-15  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS 

SENSOR  2y  AXIS  ROTATION  FROM  NOMINAL 43 

11-16  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS 

SENSOR  2y  AXIS  ROTATION  FROM  NOMINAL 44 

U-17  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS 

SENSOR  2y  AXIS  ROTATION  FROM  NOMINAL 45 


n-18  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS 

SENSOR  2y  AXIS  ROTATICN  FROM  NOMINAL 46 

n-19  GRADIENT  TENSOR  EST  MATE  ERROR  COST  FUNCTION  VS 

SENSOR  2p  AXIS  ROTATION  FROM  NOMINAL 47 

11-20  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS 

SENSOR  2y  AXIS  ROTATION  FROM  NOMINAL 48 

11-21  DRAPER  lABS  CYLINDRICAL  GRADIOMETER  WITH  PROOF 


MASSES  REPRESENTED  AS  POINT  MASSES 49 

n-22  SIMPLIFIED  REPRESENTATION  OF  DRAPER  LABS  SPHER- 
ICAL GRAVITY  GRADIOMETER 53 


n-23  THREE  SPHERICAL  GRAVITY  GRADIOMETERS 55 

11-24  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS 

INSTRUMENT  y_  ROTATION  ANGLE.  ALL  SENSORS  ROTAT- 
B 

ED  THROUGH  ANGLE  P 62 

11-25  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS 
INSTRUMENT  y^  ROTATION  ANGLE.  ALL  SENSORS  ROTAT- 
ED THROUGH  ANGLE  fi 63 

11-26  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS 

INSTRUMENT  ROTATION  ANGLE.  ALL  SENSORS  ROTAT- 
B 

El)  THROUGH  ANGLE  P 64 


X 


LIST  OF  FIGURES  (Cont) 


Page 


Fig.  No. 


11-27  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  JUNCTION  VS 
INSTRUMENT  ROTATION  ANGLE.  ALL  SENSORS  ROTAT- 

ED  THROUGH  ANGLE  P.  SPHERICAL  GRADIOMETER  SYSTEM 
PERFORMANCE  COMPARISON 66 

11-28  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS 
ANGULAR  ROTATION  DIFFERENCE  BETWEEN  SENSORS 

2 and  3 69 

11-29  GRADIENT  TENSOR  ESTIMATE  ERROR  COVARIANCE  MATRIX 

COMPONENTS  VS  5c_  ANGULAR  ROTATION  DIFFERENCE  BE- 
Is 

TWEEN  SENSORS  2 and  3 71 

11-30  GRADIENT  TENSOR  ESTIMATE  ERROR  COVARIANCE  MATRIX 

COMPONENTS  VS  x_  ANGULAR  ROTATION  DIFFERENCE  BE- 
IS 

TWEEN  SENSORS  2 and  3 72 

II- 31  GRADIENT  TENSOR  ESTIMATE  ERROR  COVARIANCE  MATRIX 

COMPONENTS  VS  ANGULAR  ROTATION  DIFFERENCE  BE- 
13 

TWEEN  SENSORS  2 and  3 73 

III- l  SIMPLIFIED  ROTATING  GRAVITY  GRADIOMETER  SCHEMATIC 

DEMONSTRATING  THE  MOWER  REEL  MODEL  FOR  THE  AXIAL 
TORSIONAL  COUPLING  ERROR 79 

III-2  AXIAL-TORSIONAL  COUPLING  MODEL  PIANO  STOOL  EFFECT  80 

IH-3  SYSTEM  MODEL  FOR  SUM  MODE  MISMATCH  ERROR  DEVELOP- 
MENT   92 

III-4  GENERAL  CASE  OF  NON-COINCIDENCE  BETWEEN  THE  SEN- 
SOR SPIN  AND  ELASTIC  AXES 99 

III- 5  END  VIEW  OF  RGG  CENTRAL  PIVOT  SHOWING  PARALLEL  BUT 

DISPLACED  SPIN  (^s)  AND  ELASTIC  (2e)  AXES.  ...  99 

IV- 1  SCHEMATIC  DRAWING  OF  HUGHES  ROTATING  GRAVITY  GRAD- 

IOMETER   106 


xi 


LIST  OF  FIGURES  (Cont) 


Fig.  No. 


IV-2 


)V-3 


IV -4 


IV-5 


IV-6 


V-1 


V-2 


V-3 


V-4 

V-5 

V- 6 

VI- 1 
VI-2 
VI-3 

VI-4 

VI-5 

VI-6 


Page 

SCHEMATIC  DIAGRAM  OF  HUGHES'  RGG  (ROTATING  GRAV- 
ITY GRADIOMETER  TEST  BED  SYSTEM) 122 

INPUT -TO-OUTPUT  DIFFERENTIAL  TORQUE  FLOW  . . 127 

PEAK  OUTPUT-TO-INPUT  AMPLITUDE  RATIO  FOR  DIFFER- 
ENTIAL MODE 130 

DIFFERENTIAL  MODE  PHASE  ANGLE  RELATING  INPUT-TO- 
OUTPUT  131 

PEAK  IN-PHASE  ERROR  AND  PHASE  ANGLE  AS  A FUNCTION 
OF  (1  - 133 

SCHEMATIC  MODEL  OF  TORQUE  FILTER  MEASUREMENT 
GENERATION 145 

SCHEMATIC  DRAWING  OF  A PHASE  SENSITIVE  SIGNAL  DE- 
MODUIJVTOR 155 

EXAMPLE  OF  INSTRUMENT  OUTPUT  FOR  SINUSOIDAL  INPUT 
HAVING  FREQUENCY  v. 156 

IN-PHASE  LIMITER  SIGNAL  AND  PSSD  OUTPUT  SIGNAL  . 157 

OUT-OF-PHASE  LIMITER  SIGNAL  AND  PSSD  OUTPUT  SIGNAL  158 

USE  OF  I>SSD  FOR  RGG  Pj  and  Pg  ESTIMATION  ...  159 

IDENTIFICATION  OF  P.  VIA  OUTPUT  CORRELATION  . . 167 

IDENl'IFiCATION  OF  Pj  VIA  OUTPUT  CORRELATION  . . 171 

1 IME  HISTORY  OF  INTEGRATOR  OUTPUT  FOR  ESTIMATION 
OF  Pj 172 

P,.  IDENTIFICATION  VIA  THE  l2  SYSTEM  ....  176 

14 

Pj4  ESTIMATION  - ITERATION  1 203 

Pj,4  ESTIMATION  — ITERATION  2 204 

xli 


LIST  OF  FIGURES  (Cont) 

Fig.  No.  Page 

VI-7  ESTIMATION  — ITERATION  3 205 

VI-8  Pj  ESTIMATION  — ITERATION  ZERO 206 

VI-9  P, , ESTIMATION  — ITERATION  ZERO 

207 

VIII-1  SIXTEEN  MODEL-MASS  CONFIGURATION  FOR  RGG  PROOF 

MASS 222 

\ 

VIII-2  ISOELASTIC  ARM  MODEL 227 

VIII-3  ISOELASTIC  ODD  ARM 228 

VIII-4  LOAD  AND  SUPPORT  DIAGRAM  FOR  AXIALLY  LOADED  ARM  230 

VIII-5  SEGMENT  e LATERAL  GEOMETRY 231 

VIII-6  LOAD  AND  SUPPORT  DIAGRAM  FOR  LATERALLY  SUPPORTED 

ARM 233 

DC-1  CONTROL  MASS  PLACEMENT  —ODD  ARM 243 

DC -2  ODD  ARM  CONTROL  SYSTEM  NOMINAL  CONFIGURATION  . 245 

IX-3  EVEN  ARM  CONTROL  SYSTEM  NOMINAL  CONFIGURATION  . 246 

DC-4  POINT  OF  APPUCATION  INCREMENT  EXAMPLE  . . .249 

DC -5  SIMULATION  SUMMARY  CHART 254 

DC-e  PRECONTROL  MASS  CENTER  AND  CONTROL  MASS  CONFIG- 
URATION FOR  Pji  CONTROL  TEST  CASE 260 

DC -7  CONTROL  SYSTEM  RESPONSE  TO  MASS  CENTER  OFFSET  OF 

NOMINAL  INSTRUMENT  IN  Xg  DIRECTION 261 

DC-8  MODEL  MASS  PERTURBATIONS  FOR  TEST  CASES  1 TO  4 . 267 

DC-9  MODEL  MASS  Zg  PERTURBATIONS  FOR  TEST  CASES  1 TO  4 267 

DC-10  MODEL  MASS  Xg  PERTURBATIONS  FOR  TEST  CASES  1 TO  4 268 


xili 


LIST  OF  FIGURES  (Cont) 


Fig.  No. 
DC-ll 
IX-12 

IX-13 

IX-14 

IX-15 

IX-16 

IX-17 

IX-18 

IX-19 

IX-20 

IX-21 

DC -22 

DC-23 

DC -24 
DC -25 


Page 

MODEL  MASS  9g  PERTURBATIONS  FOR  TEST  CASES  1 TO  4 268 

OEPs  AS  A FUNCTION  OF  CONTROL  ITERATION— TEST  CASE 
4 273 

ARM  CM  LOCATION  AS  A FUNCTION  OF  CONTROL  ITERATION 
TEST  CASE  4 278 

.\RM  TO  SENSOR  ROTATION  ANGLES  AS  A FUNCTION  OF 
CONTROL  ITERATION;  TEST  CASE  4 280 

OEP  AS  A FUNCTION  OF  CONTROL  ITERATION.  TEST  CASE  1 282 

OEP  AS  A FUNCTION  OF  CONTROL  ITERATION,  TEST  CASE  3 283 

OEP  AS  A FUNCTION  OF  CONTROL  ITERATION,  TEST  CASE  3 284 

ARM  CM  LOCATION  AS  A FUNCTION  OF  CONTROL  ITERATION 
TEST  CASE  1 285 

ARM  CM  LOCATION  AS  A FUNCTION  OF  CONTROL  ITERATION 
TEST  CASE  2 286 

ARM  CM  LOCATION  AS  A FUNCTION  OF  CONTROL  ITERATION 
TEST  CASE  3 287 

ARM  TO  SENSOR  ROTATION  ANGLES  AS  A FUNCTION  OF  CON- 
TROL ITERATION,  TEST  CASE  1 288 

ARM  TO  SENSOR  ROTATION  ANGLES  AS  A FUNCTION  OF  CON- 
TROL ITERATION,  TEST  CASE  2 289 

ARM  TO  SENSOR  ROTATION  ANGLES  AS  A FUNCTION  OF  CON- 
TROL ITERATION,  TEST  CASE  3 290 

OEP  AS  A FU  NOTION  OF  CONTROL  ITERATION,  TEST  CASE  5 292 

P|4  CONTROL  VS  CONTROL  ITERATION  FOR  TEST  CASES  5, 

Sa,  ANDSb 293 


xiv 


LIST  OF  TABLES 


NOMINAL  INSTRUMENT  DATA 13 

COMPARISON  OF  THREE  HUGHES  AND  TWO  DRAPER  LABS 
DIAGONAL  GRADIENT  COMPONENT  ESTIMATE  FOR  THE  TWO 
SKEWED  MASS  SENSOR  CASE.  GRADIENT  ESTIMATION  USING 
MINIMUM  NUMBER  OF  SENSORS 53 

SENSOR  ERROR  ANALYSIS  INPUT  DATA 102 


DYNAMICALLY  INDUCED  ERRORS  AT  2uj„ 


. 103 


OUTPUT  EFFECTIVE  PARAMETERS  FOR  THE  CASE  WHERE 
SPIN/ELASTIC  AXIS  MISALIGNMENTS 116 

COMPARISON  OF  OEP  WHICH  CHANGE  WHEN  SPIN/ELASTIC 
MISAUGNMENTS  BECOME  NON-ZERO 120 

OUTPUT  FREQUENCIES  ASSOCIATED  WITH  THE  OUTPUT 
EFFECTIVE  PARAMETERS 125 

STATISTICAL  VALUES  USED  FOR  RATE  FILTER  PERFORMANCE 
EVALUATION 143 

STEADY  STATE  RATE  FILTER  PERFORMANCE  . . . .144 

STATISTICAL  VALUES  APPLIED  FOR  TORQUE  FILTER  EVAL- 
UATION   147 


STEADY  STATE  TORQUE  FILTER  PERFORMANCE  . 


. 147 


PARAMETER  ESTIMATE  ERROR  EQUATION  INPUT  . 


. 151 


MAXIMUM  UNCOMPENSATED  OUPUT  TORQUE  AT  2o^  DUE  TO 

^2^ 153 

MAXIMUM  UNCOMPENSATED  OUTPUT  TORQUE  DUE  TO  SIG- 
NAL DEMODULATOR  0. 01%  PARAMETER  ESTIMATED  ERROR  162 


FORCED  INPUT  CORRELATOR  MECHANIZATIONS 


. 178 


SECOND  ORDER  LAG  CORRELATOR  FUNCTIONS. 


LIST  OF  TABLES  (Cont) 


V:  T INTEGRATED  SECOND  ORDER  LAG  CORRELATOR  FUNCTIONS  182 

VI- i OEP  CORRELATION  FUNCTIONS 187 

VI-5  SAMPLE  CORRELATION  FREQUENCIES 188 

VI-6  CORRELATED  FREQUENCY  OUTPUT  AS  A FUNCTION  OF 

CORRELATION  FREQUENCY 190-196 

VI-7  SYSTEM  RATE  AND  ACCELERATION  DATA  ....  197 

VI-8  COEFFICIENT  DEFINITIONS 198 

VI-9  INPUT  FREQUENCIES  ASSOCIATED  WITH  P^^  CORRELATED 

OUTPUT  EQUATION 199 

VU-l  LEAST  SQUARES  PARAMETER  ESTIMATION  AND  CONTROL 

DUALITY 218 

V III-l  NOMINAL  MASS  AND  POSITION  DATA  FOR  16  MODEL- MASS 
ROTATING  GRAVITY  GRADIOMETER  CONFIGURATION  POS- 
ITIONS AS  SHOWN  WITHIN  THE  MATRICES  CORRESPONDING 
TO  MODEL- MASS  SUBSCRIPTS 224 

Vm-2  PARTIAL  DERIVATIVES  OF  ARM  COMPLIANCE  WITH  RESPECT 

TO  MEMBER  WIDTHS  AND  wj, 240 

DC-l  CONTROL  MASS  VALUES  AND  POSITIONS 244 

DC -2  CONTROL  VECTOR  SPECIFICATION 247 


IDEAL  INSTRUMENT  CONFIGURATION  . 


. 256-257 


IDEAL  INSTRUMENT  OEP  CALCUI.ATION  FROM  DIGITAL 
SIMULATION 258 

INPUT  DATA  FOR  EVEN  ARM  MODEL  MASS  Xg  POSITION  BMS 
POSITION  IN  MATRIX  CORRESPONDS  TO  MODEL  MASS  SPECI- 
FICATION   259 

CM  OFFSET  TEST  INSTRUMENT  PHYSICAL  PROPERTIES  . 262-264 


xvill 


LIST  OF  TABLES  (Cont) 


No-  Page 

IX-7  CM  OFFSET  TEST  OEP  VALUES 265 

IX-8  INSTRUMENT  ARM  MASS  AND  MASS  CENTER  DATA  PRIOR 

TO  CONTROL 269 

IX-9  INSTRUMENT  PHYSICAL  DATA  PRIOR  TO  CONTROL  APPLI- 
CATION   270-271 

EX-IO  COMPARISON  OF  TEST  CASE  4 INPUT  DATA  WITH  ERROR 

ANALYSIS  DATA  DEMONSTRATING  THE  CAPABILITY  OF  THE 
SYSTEM  TO  CONTROL  ERRORS  IN  INSTRUMENT  MANUFACT- 
URING WHICH  ARE  LARGER  THAN  EXPECTED.  ...  272 

DC-ll  'NSTRUMENT  PHYSICAL  DATA  SUBSEQUENT  TO  FINAL  CON- 
TROL   274-275 

IX-12  OEPs  AS  A FUNCTION  OF  CONTROL  ITERATION  ...  276 

K-13  CONTROL  INCREMENTS  BY  ITERATION  NUMBER  (m)  . . 277 

IX-14  PRE-  AND  POST-CONTROL  RGG  OUTPUT  TORQUE  ERROR 

(N  m)  FOR  TEST  CASE  4 281 

DC -15  STATISTICAL  ANALYSIS  OF  CONTROL  MASS  MOTION  FOR  TEST 

CASES  5,5a,  AND  5b 296 


xix 


LIST  OF  SYMBOLS 


► 


tangential  acceleration  of  accelerometer  j 

J 

associated  with  Bell  Labs  gradiometer 

a 

instrument  linear  acceleration  vector 

A 

Ch.  II:G 

gradiometer  measurements 

A 

Ch.  III:B-2 

peak  magnitude  of  linear  acceleration 

A 

Ch.  V 

coefficient  matrix;  scalar  A 

A 

Ch.  IV 

maximum  magnitude  of  platform  linear  acceleration 

J 

input  along  ^th  axis 

A 

J 

Ch.  VI 

correlation  function 

S’  s 

r . n 

Ch.  VI:E-4 

dummy  variables  used  to  define  correlator  output 

Cl,  Oi 

b 

arm  dynamics  damping  coefficient 

B 

Ch.  VII 

weighting  matrix 

Bl,  B2, 

Ch.  II:G 

body  referenced  measurement  systems 

c 

torque  output  coefficient 

C 

a 

axial  compliance 

^e/s 

transformation  to  elastic  from  sensor  reference 
frame 

lateral  compliance 

^s/p 

transformation  to  sensor  reference  system  from 
platform  reference  system 

d 

Ch.  II 

distance  between  opposed  Bell  accelerometers 

s 

structural  damping  coefficient  for  1th  pivot 

% 

Ch.  IV 

unit  vector  in  the  direction  of  low  compliance 
pivot  elastic  axis 

E 

modulus  of  elasticity 

f 

force 

correlation  frequency 


f 

c 

F 

S 

G 

G 

0(8) 

h 

H(s) 

U 

I 


I 

r 


J 

J 

J 

J 

J 

k 

k 


Ch.  IV:F 
Ch.  VIII 


Ch.  II;G 
Ch.  IV: F 
Ch.  VII 
Ch.  III:B-2 
Ch.  IV: F 

Ch.  II 


control  mass  coefficient  matrix 
magnitude  of  gravity  vector 

approximate  magnitude  of  vertical  gravity  gradient 
shear  modulus 

correlator  transfer  function 
spin  angular  momentum 
sensor  signal  prefilter 
Hamiltonian 
moment  of  inertia 

IJth  component  of  moment  of  Inertia  matrix 

moment  of  inertia  of  rotor  (case) 

arm  moment  of  Inertia  expressed  relative  to  the 
elastic  reference  system 

time  integral  of  the  product  of  the  correlation 
function  A and  platform  output  torque  T 

•J 

cost  function 

arm  polar  moment  of  inertia 
cost  function 

arm  lateral  bending  stiffness 
effective  pivot  stiffness 

dummy  variables  used  to  define  coefficients  of 
correlator  output 

pivot  stiffness 

dummy  variable  used  to  define  correlator  output 

stiffness  coefficient  of  ^th  pivot 

constant  of  proportionality  relating  transducer 
strain  to  sensor  output 

coefficient  of  axial-torsional  coupling  error 
along  spin  axis 


xxii- 


"o 

stiffness  of  center  pivot 

Ki, 

high  compliance  pivot  stiffness 

IK 

coefficient  associated  with  arm  compliances 

L 

coefficient  matrix  relating  components  of  gradient 
tensor  to  sensor  measurements  for  the  Hughes 
gravity  gradiometer 

m,  H 

mass 

m 

Ch.  VI:E-4 

dummy  variable  used  to  define  correlator  output 

in 

Ch.  VII 

number  of  controls 

M 

Ch.  II 

torque  exerted  by  gravity  gradient 

M 

Ch.  II;G 

coefficient  matrix  relating  components  of  gradient 
tensor  to  sensor  measurements  for  Draper  Lab  spheri 
cal  gradiometer 

M 

Ch.  VIII 

moment 

Ml,  M2, 
M3 

measurement  reference  systems  1,  2,  and  3 

n 

Ch.  III:B 

nominal  instrument  spin  rate 

n 

Ch.  VI 

order  of  correlator  lag 

n 

Ch.  VII 

number  of  parameters 

P 

applied  load 

jth  output  effective  parameter 

P* 

sensor  model 

Q 

difference  mode  quality  factor  (300  rad/sec) 

power  spectral  density  matrix  for  process  noise 
associated  with  rate  filter 

power  spectral  density  matrix  for  process  noise 
associated  with  torque  filter 

sum  mode  quality  factor 

r 

gradiometer  measurement  error  variance 

xxlil- 


d 


radius  vector 


difference  of  (D^/Ij)  for  components  1 and  2 

power  spectral  density  matrix  for  observation  noise 
associated  with  rate  filter 

power  spectral  density  matrix  for  observation  noise 
associated  with  torque  filter 

difference  of  (K^/i^)  for  components  1 and  2 

Laplace  domain  Independent  variable 

unit  vector  In  direction  of  spin  axis 

time 

final  time 
torque 

transformation  from  reference  system  b to 
reference  system  a 

disturbance  torque  applied  to  sensor  case  about 

/V 

z 

s 

coupling  coefficient  between  platform  angular 
accelerations 

strain  energy 

sensor  noise 

Jth  component  of  observation  noise  vector  asso- 
ciated with  rate  filter 

J^th  component  of  observation  noise  vector  asso- 
ciated with  torque  filter 

shear  force 

Jth  component  of  process  noise  vector  associated 
with  rate  filter 

Jth  component  of  process  noise  vector  associated 
with  torque  filter 

control  mass  position  vector 


(x[  Ch.  V 

[x]  Ch.  VI 


z 


jt 


z 

rj 


correlator  output  frequencies 
state  vector 

platfora  input  dynamics  vector  in  sensor  reference 
frame 

J^th  component  of  observation  vector  associated 
with  torque  filter 

jth  component  of  observation  vector  associated 
with  rate  filter 

instrument  ideal  spin  axis  unit  vector 
observation  vector 


a 


Greek  Symbols 

frequency  discrimination  filter  center  frequency 
error 


a 

-* 

a 


Ch.  IV: F sensor  dynamics  transfer  function  amplitude  ratio 

Ch.  III:B-U  rotation  of  elastic  reference  system  with  respect 
to  sensor  reference  system 


a. 


frequency  of  linear  acceleration  input  along 
platform  jth  axis 


{a,P,Y}  Ch.  II:G 


Euler  rotation  sequence 


ratio  of  input  forcing  frequency  to  sensor  natural 
frequency 


sum  mode  natural  frequency 
gravity  gradient  tensor 


€ 


rotating  gravity  gradiometer  output  error  signal 


error  torque  associated  with  instrument  aniso- 
elasticity 


"AM 


error  torque  associated  with  elastic/spin/principal 
axis  misalignment 


■LA 


error  torque  associated  with  the  effect  of  linear 
acceleration  upon  the  displaced  mass  center 


-xxv- 


■p>  >1 


error  torque  associated  with  misalignment  between  sensor  and 
elastic  axes 


^E/'S 

^PMA 


■p/I  I in 


SM 

Srs 

’'j 

e 

9 


I 


o 

T 


error  torque  associated  with  platform/instrument  axis  system 
misalignment  and  generated  via  platform  rotational  motion 

error  torque  associated  with  platform/instrument  axis  system 
misalignment  and  generated  via  platform  linear  acceleration 

error  torque  due  to  instrument  rotation 

error  torque  associated  with  sum  mode  mismatch 

error  torque  associated  with  axial  torsional  coupling 

system  output  phase  lag  along  ^th  axis 

angular  orientation  of  instrument  with  respect  to  platform 

angular  orientation  of  the  instrument  case  with  respect  to 
the  platform 

angular  orientation  of  the  odd  arm  with  respect  to  the 
pi  atf orm 

Laplace  operator 

angular  velocity  of  rotor  with  respect  to  inertial  space 

unit  vector  extending  from  origin  of  sensor  axis  system  to 
origin  of  elastic  axis  system 

frequency  of  angular  rate  input  about  platform  Jth  axis 

damping  coefficient  of  frequency  discrimination  filter  (FDF) 
denominator 

damping  coefficient  of  numerator  of  FDF 

rotation  of  arm  principal  axis  system  with  respect  to  sensor 
axis  system 

Jth  component  of  mass  center  offset  with  respect  to  sensor 
axis  system 

standard  deviation 

integration  initiation  time 


I 


-xxvi- 


<P 

CP 


f 


U'  . 

J 


n 


Ch.  II 
Ch.  VI 

Ch.  V 

Ch.  III:B-5 

Ch.  III;B-2 
Ch.  IV: F 

Ch.  VI 


Ch.  III:B-5 


gravitational  potential  field 

phase  angle  lag  between  platform  Input  and 
sensor  output 

pivot  twist  angle 

system  output  phase  lag  along  sensor  x axis 
associated  with  estimation 

axis  of  rotation  defining  small  angular  misalign- 
ment between  platform  and  sensor  axis  system 

arm  deflection  angle  due  to  gravity 

sensor  dynamics  transfer  function  phase  lag 

arm  compliance  tensor 

frequency  contained  in  correlator  output 
_jth  component  of  angular  velocity  vector 
instrument  spin  rate 

difference  mode  natural  frequency,  2u) 

s 

angular  velocity  vector 

frequency  of  case  disturbance  torque 

maximum  magnitude  of  platform  angular  rate  input 
about  platform  Jth  axis 

Instrument  rate  vector  in  platform  reference  system 
instrument  rate  vector  in  sensor  coordinate  system 


Subscripts 

components  of  the  vector  A in  the  direction  of 

/\  /N  /\ 

the  X,  y,  z axes 


components  of  the  vector  A in  the  direction  of 
the  1,  2,  3 axes 


components  of  the  vector  A in  the  direction  of 

/S  /N 

the  i,  J,  k axes 


b 


body  reference  system 


-xxvil- 


Ch.  II 


body  reference  system 


B 


B Ch.  III:B-U 

body  principal  axes,  single  arm 

c 

case 

C 

control 

e 

even  arm 

E 

elastic 

IP 

in  phase 

o 

odd  arm 

P 

platform 

Q 

quadrature 

s 

spin 

Superscripts 

- -* 
or 

vector 

A 

unit  vector  (in  the  direction  of  A) 

8 

tensor 

error  in  estimate  of  A 

• 

time  rate  of  change  of  A 

Abbreviations 

cm 

mass  center 

EU 

Eotvos  unit 

mag 

magnitude 

OEP 

output  effective  parameter 

PSSD 

phase  sensitive  signal  demodulator 

RGC 

rotating  gravity  gradlometer 

xxviil 


I 


Chapter  I 


I 

HfTRODOCTION 


GRAVITY  GRADIOMETER  BACKGROUND  AND  APPLICATIONS 

The  earth's  gravitational  field  has  been  studied  for  decades  and 

many  different  mathematical  models  for  it  have  been  proposed.  Absolute 

9 

accuracies  of  a few  parts  in  10  and  recent  developments  indicate 
-8 

10  g and  better  will  be  available  in  future  field  instruments  [Refs. 
HA-1,  SA-1].  Relative  measurements  of  the  field  have  been  carried  out 

9 

with  accuracies  of  1 part  in  10  [LX)-1].  The  accuracy  with  which  a 

gravimeter  can  provide  relative  gravity  field  measurements,  from  which 
to  get  gravity  gradient  information,  depends  on  the  tightly  controlled 
conditions.  In  order  for  gradient  data  of  this  quality  to  become  gen- 
erally available,  the  development  of  a direct  gradient  measuring  device, 
the  gravity  gradiometer,  will  be  necessary. 

A gravity  gradiometer  measures  the  spatial  gradient  of  the  gravi- 
tational field  in  which  it  is  immersed.  The  first  workable  gravity 
gradiometer  was  built  and  demonstrated  in  1880  by  Baron  Roland  von  Ebtvos 
[WI-1].  The  instrument  was  composed  of  a simple  bent  beam,  two  proof 
masses,  and  a torsion  fiber  as  shown  in  Fig,  I-l.  The  E6‘tv6’s  torsion 

balance  gradiometer  provided  measurements  of  the  horizontal  gravity 

—9  2 —9  2 

gradient  to  an  accuracy  of  10  m/sec  /m,  l.e.,  10  (m/sec  )/m.  The 

-9  -X 

10  sec  has  become  the  fundamental  unit  of  gravity  gradient  measure- 
oient  and  is  referred  to  as  the  Ebtvtfs  Unit  (EU).  The  EtitvNs  instrument 
was  used  within  the  United  States  during  the  early  Twentieth  Century  to 
aid  in  geophysical  exploration  but  was  eventually  replaced  by  gravimeters 
which  were  more  "mobile"  instruments.  However,  the  limited  accuracy 
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FIG.  I-l  EOTVOS  torsion  BALANCE  GRAVITY  GRADIOMETER 

with  which  a gradient  can  be  determined  by  gravimeter  measurements  has 
once  again  caused  the  gravity  gradlometer  to  be  reconsidered  for  appli- 
cation to  geophysical  exploration  [BE-1]. 

The  potential  applications  for  a gravity  gradlometer  capable  of 
operation  upon  a mobile  platform  such  as  a spacecraft,  aircraft,  or 
ship  are  numerous.  The  possible  contributions  of  the  gradlometer  to 
earth  geodesy  are  discussed  in  detail  by  Metzger  [ME-1],  Forward  [FO-l], 
and  Loomis  [LO-1].  A "skyhook"  shuttle-borne  gradlometer  subexperiment 
has  been  proposed  by  Colombo,  et.  al.  [CO-1]  for  purposes  of  gravity 
field  mapping  by  satellite.  In  addition,  the  gradlometer  also  promises 
to  advance  the  state  of  the  art  by  inertial  navigators.  The  accuracy 
of  a current,  high  quality  inertial  navigation  system  is  limited  by 
unmodelcd  vertical  deflections.  Jordan  [JO-1]  and  Britting  [BR-1] 
evaluate  the  improvement  in  the  performance  of  an  inertial  navigator 
when  a gradlometer  in  used  to  derive  Information  concerning  the  local 
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vertical.  Heller  [HE-1]  develops  several  different  approaches  to  the 
gravity  ^radiometer  aided  inertial  navigation  system,  and  shows  that 
the  1 EU  accuracy  gradiometer  is  compatible  with  such  a system. 

Metzger  [ME-2]  has  shown  that  a gradiometer  aided  ship's  inertial  navi- 
gation system  can  significantly  reduce  the  terminal  error  of  a sub- 
marine launched  ballistic  missile.  Forward  [F&-2]  has  discussed  gravi- 
tational field  measurements  of  the  planets  via  gradiometers . Gradiometers 
were  also  considered  for  Apollo  applications  in  connection  with  lunar 
mascon  investigations.  A lunar  orbiting  experiment  based  upon  a gravity 
gradiometer  was  proposed  by  DeBra,  et.  al.[DeB-l]  for  determination  of 
mascon  associated  gravity  anomalies  to  within  1%  accuracy. 

B.  PURPOSE  OF  RESEARCH 

Moving  base  gravity  gradiometers  have  existed  in  various  stages 
of  design  and  development  for  more  than  a decade.  While  the  concept  of 
the  movirig  base  gravity  gradiometer  holds  enormous  potential  with  respect 
to  the  acquisition  of  scientific  data  which  cannot  be  obtained  from 
conventional  instruments,  the  actual  development  of  such  a sensor  has 
proven  to  be  a true  challenge  to  the  state  of  the  art  in  both  the  design 
and  the  fabrication  of  instrument  hardware  and  electronics. 

The  desired  operating  accuracy  level  of  gradiometer  is  1 EU  on 
a moving  base.  This  is  approximately  l/3000th  of  the  earth's  vertical 
gravity  gradient.  Based  upon  analysis  of  one  of  the  instruments  currently 
under  development,  the  Hughes  rotating  gravity  gradiometer  (RGG),  it 
is  quite  possible  that  any  instrument  of  this  type  will  require,  as 
an  integral  part  of  its  design,  an  active  parameter  estimation  and 
compensation  loop.  The  purpose  of  the  loop  is  to  trim  instrument  physical 
properties  to  within  required  tolerances  at  the  beginning  of  operation 
and  then  to  maintain  these  tolerances  throughout  the  data  gathering 
period.  A simple  numerical  example  lends  validity  to  the  need  for  such 
a loop.  Consider  the  Kearfott  KING  II  inertial  navigation  gyro.  Based 
upon  physical  and  performance  specifications  published  by  the  manufacturer 
analysis  of  the  gyro  drift  characteristics  predicts  mass  center  offsets 
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between  10  m and  10  m.  For  the  Hughes  rotating  gravity  gradlometer , 

-8 

a mass  center  offset  equal  to  10  m could  result  In  output  errors 
two  orders  of  magnitude  greater  than  the  total  allowable  Instrument  error 
budget.  Analysis  of  the  rotating  gravity  gradlometer  clearly  indicates 
that  without  active  compensation,  manufacturing  and  alignment  tolerances 
will  be  extraordinarily  rigid  and  quite  possibly  unrealizable. 

Three  moving  base  gravity  gradlometers  are  currently  under  devel- 
opment. To  date,  none  has  been  successfully  operated  at  the  desired 
1 EU  accuracy  level  under  field  conditions.  Given  this  state  of  devel- 
opment, and  the  extent  to  which  fabrication  of  the  Instrument  will  test 
state  of  the  art  manufacturing  techniques,  this  research  was  Initiated 
to  establish  the  feasibility  of  successful  moving  base  gravity  gradlometer 
operation.  A particular  Instrument,  the  Hughes  rotating  gravity  gradl- 
ometer  (RGG)  was  selected  as  the  "test  case”  instrument.  In  this  thesis 
a complete  model  for  the  output  signal  errors  induced  due  to  the  coupling 
of  RGG  instrument  dynamics  and  instrument  physical  parameters  is  devel- 
oped. The  problems  of  parameter  estimation,  signal  compensation,  and 
active  parameter  trim  are  analyzed. 

C.  CHAPTER  CONTENTS 

In  Chapter  II  the  three  separate  gradlometers  under  development — 

Bell  Aerospace  accelerometer  gradlometer,  C.  Stark  Draper  Labs'  floated 
proof  mass  gradlometer,  and  the  Hughes  rotating  gravity  gradlometer — are 
discussed.  The  method  by  which  each  measures  the  gradient  Is  described. 
Sensor  orientation  requirements  for  full  gradient  tensor  measurement  are 
developed . 

Beginning  with  Chapter  HI,  discussion  is  limited  to  the  Hughes 
RGG  and  tite  supportive  instrumentation  necessary  for  parameter  estimation 
and  control.  An  Instrumented  platform/RGG  system  is  defined  In  Ch.  Ill, 
and  a linear  error  model  developed. 

In  Chapter  IV,  the  Hiaghes  RGG  output  error  equation  Is  derived.  A 
set  of  parameters  which  influences  the  output  error  equation  Is  defined. 

It  is  pointed  out  that  this  set  of  parameters,  the  output  effective 
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parameters,  must  be  driven  to  its  nominal  condition  In  order  that  the 
dynamics  associated  error  within  the  Instrument  output  signal  to  be 
reduced  to  zero. 

In  Chapter  V a Kalman  Filter  approach  to  output  effective  parameters 
(OEP)  identification  Is  pursued.  Using  a two-stage  parallel  filter 
>*  approach,  a nonlinear  time  varying  coefficient  filtering  problem,  with 

respect  to  (XP  estimation.  Is  reduced  to  a problem  which  Is  linear  with 
constant  coefficients.  The  parameter  Identification  performance  of  the 
parallel  filter  approach  Is  compared  to  that  of  commercially  available 
frequency  demodulators. 

In  Chapter  VI  a correlation  approach  to  OEP  identification  is  de- 
veloped. Various  modifications  to  the  basic  correlation  technique  are 
then  considered  and  evaluated.  A set  of  output  correlation  functions 
is  defined.  The  effects  of  various  platform  input  frequencies  are 
evaluated.  It  is  shown  that  high  order,  low  frequency  lags,  coupled 
with  known  input  to  the  sensors,  provide  accurate  estimates  of  the  OEP. 

In  Chapter  VII  an  approach  to  OEP  control  using  the  motion  of 
small  control  masses  is  suggested.  An  example  of  control  law  operation 

Is  given. 

In  Chapter  VIII  the  OEP  are  rewritten  In  such  a way  as  to  demon- 
strate tlie  reachability  of  each  parameter  using  a control  mass  reposi- 
tioning nethod.  A thorough  development  of  the  RGG  arm  compliance  equa- 
tions Is  Included  in  order  to  demonstrate  reachability  of  the  elasticity 
related  parameters. 

In  Chapter  IX  a KGC  mass  repositioning  control  system  is  defined. 

The  digital  simulation  which  was  developed  to  test  the  system  is  out- 
f lined.  Output  effective  parameter  controllability  is  demonstrated 

f using  the  simulation.  The  performance  of  the  parameter  control  system 

) Is  studied  and  variations  to  the  basic  controller  are  considered. 
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D.  COOTRIBUTIONS 


The  principal  contribution  of  this  document  is  the  demonstration 
that  using  an  active  parameter  estimation  and  control  system,  a 1 EU 
accuracy,  moving  base  gravity  gradiometer  can  be  built  given  the  state 
of  the  art  in  instrument  fabrication.  The  performance  of  the  system 
developed  is  adequate  for  estimation  and  control  of  Instrument  parameters 

to  the  extent  that  uncontrolled  instrument  signal  errors  in  excess  of 

4 

6 X 10  EU  can  be  trimmed  to  approximately  0.4  EU.  Current  efforts 
to  produce  a 1 EU  gravity  gradiometer  are  limited  to  precise  control 
of  manufacturing  tolerances  and  preoperat ional  parameter  trim  per- 
formed in  the  laboratory.  An  online  parameter  estimation  and  control 
system  which  is  capable  of  trimming  a 60,000  EU  error  gradiometer  to 
less  than  1 EU  error  adds  a completely  new  dimension  to  the  develop- 
ment effort,  significantly  increasing  the  likelihood  of  successful  de- 
velopment of  an  entirely  new  class  of  inertial  instruments. 

Additional  contributions  are; 

1.  A method  is  developed  by  which  nonlinear,  non-constant  coeffi- 
cient systems  of  a certain  class  may  be  analytically  evaluated 
using  Kalman  filters  without  iteration; 

2.  Various  relative  orientations  among  the  sensors  are  considered 
and  it  is  shown  that  orthogonal  sensor  output  axes  provide 
minimal  rms  gradient  estimate  errors  in  the  case  of  the  Hughes 
nnd  Bell  gradlometers . For  the  Draper  Labs  spherical  gravity 
gradiometer,  it  is  shown  that  three  sensors  having  their  between- 
the-weights  axes  oriented  very  nearly  along  the  faces  of  the 
corner  of  a cube  and  bisecting  each  planar  corner  provide  the 
best  estimate  of  the  components  of  the  gravity  gradient  tensor. 
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Chapter  II 


GRAVITY  GRADIOMETERS 


A.  THE  GRAVITATICWAL  FIELD  AND  ITS  GRADIENT 

A gravitational  field  is  conservative  and  may  be  expressed  as  a 
scalar  function  <p  of  position  1?  relative  to  the  attracting  body. 

The  gravitational  acceleration  "g  due  to  the  body,  at  any  point  Tr,  may 
be  written  as 


g = v<p(7)  . 


(2.1) 


Expressing  in  a set  of  Cartesian  coordinates,  (2.1)  may  be  rewritten 

as 


d(p  ^ 
_bx,  by, 


(2.2) 


The  spatial  gradient  of  the  gravity  vector  g,  written  in  Cartesian 
coordinates  is  the  second  order  tensor 


[Vg] 


O CP 

a CP 

dx^ 

bxby 

bybx 

dy2 

bybz 

o CP 

bzbx 

bzby 

bz^ 

(2.3) 
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In  order  to  determine  completely  tlie  Ktavlty  tensor  of 

(2.3),  all  of  the  independent  components  must  be  measured.  For  a 
conservative  gravitational  force  [KA-1]: 

A.  X g = 0 ; (2.4) 


B.  V . g = 0 . 


(2.5) 


Equation  (2.4)  demonstrates  the  symmetry  of  the  gradient  tensor.  Equa- 
tion (2.5)  Is  Laplace's  equation  and  requires  that  the  sum  of  the  diag- 
onal components  of  the  gradient  tensor  is  zero.  Since  the  gradient  tensor 
Is  symmetric,  no  more  than  six  of  Its  nine  components  are  Independent. 

The  scalar  Laplace  equation  (2.5)  further  reduces  the  total  number 
of  independent  elements  by  one.  Hence,  only  five  of  the  nine  elements 
of  the  gravity  gradient  tensor  are  independent.  Complete  determination 
of  the  gravity  gradient  tensor  at  any  pjlnt  requires  only  five  measure- 
ments. It  will  be  shown  later  in  this  chapter  that  for  any  of  the 
gradiometers  currently  being  developed,  a set  of  three  instruments 
is  sufficient  to  determine  the  gravity  gradient,  when  each  instrument  is 
properly  oriented  with  respect  to  the  others.  Sensor  orientation  is 
discussed  in  Sect.  II-G. 

To  follow  convention,  the  gradient  tensor  of  (2.3)  will  be  repre- 
sented by  the  tensor  ^ In  the  remainder  of  this  document.  The  gradient 
tensor  of  (2.3)  is  thus  expressed  as 


r r r 

XX  xy  xz 


r r r 

xy  yy  yz 


r r r 

xz  yz  zz 


(2.6) 


where 


B.  SOME  COMMEOTS  (X<  THE  PHILOSOPHY  OF  GRADIENT  SENSOR 


DESIGN 


The  vertical  component  of  the  earth's  gravity  gradient  Is  approxi- 
mately 3000  EU.^  For  many  applications  [e.g..  Ref,  ME-2 ] , the  gradient 
must  be  measured  to  an  accuracy  of  1 EU,  l.e.,  to  an  accuracy  of  about 
0,03%,  Gradient  measurements  having  this  accuracy  are  more  difficult 
to  obtain  than  might  be  expected  from  the  0,03%  requirement.  For  an 
Instrument  designed  to  measure  the  gravity  gradient  over  a distance  of 

10  cm,  the  1 EU  requirement  corresponds  to  measurement  of  differential 

— 10  2 

accelerations  of  10  m/sec  while  operating  in  the  presence  of  1 g 
2 

(~  10  ir/sec  ) and  vehicle  accelerations  on  the  order  of  0,1  g.  The 
changing  acceleration  field  In  a moving  vehicle  makes  classical  gradient 
measurement  techniques  unfeasible.  In  addition,  the  1 EU  requirement 
exceeds  the  state  of  the  art  that  has  been  developed  for  conventional 
inertial  Instruments,  Brownian  noise,  which  marks  a fundamental  limit 
for  the  performance  of  any  Instrument,  must  be  considered  as  necessary 
to  the  stability  and  drift  of  Instrument  parameters. 

B, 1 Sensor  Concepts 

There  are  three  moving  base  gravity  gradlometers  currently  under 
development.  The  new  designs,  all  of  which  propose  to  achieve  the  re- 
quired 1 EU  accuracy  level,  are  fundamentally  different  In  design 
approach.  The  group  Includes  sensors  designed  specifically  to  measure 
gravity  gradient  as  well  as  sensors  formulated  from  already  existing 
equipment  and  used  In  such  a way  so  as  to  provide  a gradient  measurement 
Two  of  the  Instruments  rotate,  modulating  the  Information,  thereby  trails 
ferring  the  gravity  gradient  signal  to  a higher  frequency,  quieter, 
portion  of  the  spectrum,  and  separating  the  signal  from  some  sources  of 
instrument  bias.  The  third  sensor  uses  a gyro  float  type  of  suspension 
to  Isolate  noise  from  the  signal  while  avoiding  errors  induced  by  rota- 
tion. 

t —9  _2 

1 EU  is  10  sec  . 
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A rotating  instrument  which  is  frequency  "tuned"  can  use  resonance 
to  amplify  the  signal  at  the  signal  frequency  at  the  expense  of  increased 
phase  sensitivity.  Instrument  rotation  involves  penalties,  however, 
as  well  as  advantages.  Inherent  in  any  rotating  system  are  errors 
associated  with  nonuniform  rotation  due  to  bearing  irregularities, 
mass  unbalance,  and  drive  speed  variation.  The  instrument  designer 
must  decide  whether  better  results  can  be  obtained  through  zero  frequency 
noise  reduction  or  through  minimization  of  the  dynamically  induced 
errors  associated  with  a rotating  sensor. 


C.  GRAVITY  GRADIOMETERS  UNDER  DEVELOPMENT 

The  first  moving  base  gravity  gradiometer  was  proposed  by  Dr.  Robert 
Forward  [BEL-2]  of  Hughes  Research  Laboratory.  The  Hughes  instrument  is 
a rotating  sensor  consisting  of  hardware  designed  specifically  for  the 
measurement  of  the  gravity  gradient.  The  second  of  the  new  gravity 
gradiometers  was  designed  at  the  C.  Stark  Draper  Labs  by  Dr.  Milton 
Traegeser  [TR-1].  The  Draper  Labs'  instrument  is  also  one  of  funda- 
mentally new  design.  This  sensor,  however,  does  not  rotate,  and  nominally 
senses  the  gravity  gradient  at  zero  frequency.  The  third  of  the  candidate 
gradiometers  is  being  developed  at  Bell  Aerospace  Corp.  under  the  direc- 
tion of  Mr.  E.  Metzger  [ME-2].  The  Bell  instrument  is  a rotating  sensor 
which  uses  modified  Bell  Model  VII  accelerometers  in  a system  approach 
to  sensor  development. 

Each  of  the  three  instruments  under  development  provides  measure- 
ments of  two  components,  or  combinations  of  the  components,  of  the 
gravity  gradient  tensor.  The  different  gradiometers  are  briefly  dis- 
cussed in  the  remainder  of  this  chapter. 

D.  HUGHES  ROTATING  GRAVITY  GRADIOMETER 

The  rotating  gravity  gradiometer  being  developed  at  Hughes  Re- 
search Labs  measures  gravity  gradient  at  a nonzero  frequency.  The 
instrument,  shown  in  Fig.  Il-l,  consists  primarily  of  two  nonimally 
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identicitl  arms  connected  by  a flex  pivot.  The  relative  torque  acting 
upon  the  arms  strains  the  pivot  and  Is  sensed  by  a piezoelectric  trans- 
ducer. The  torque  acting  upon  the  instrument  arms  due  to  the  gravity 
gradient  Is  [BEL-1] 


AT 


2mr^[r  - r ]sin(2u)t) 

'•  yy  XX 

2 

+ 4mr  [r  ]cos(2ujt) 
xy 


(2.7) 


The  instrument  spin  rate  ui  was  selected  to  be  as  high  as  possible  so 
as  to  maximize  Information  processing  capability  and  instrument  rugged- 
ness. With  the  spin  rate  optimized  in  this  manner,  the  sensor  was  then 
designed  to  possess  a resonant  differential  torque  output  frequency 
equal  to  twice  the  spin  frequency.  Hence,  the  gravity  gradient  signal 
excites  the  instrument  at  its  resonant  frequency.  Each  arm  acts  as  a 
differential  specific  force  sensor.  In  addition,  acting  as  a pair,  the 
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arms  provide  isolation  from  case  angular  acceleration  about  the  spin 
axis  since  the  instrument  is  sensitive  only  to  differential  torque. 

D. 1 Sensor  Physical  Properties 

The  model  used  to  represent  the  Hughes  gravity  g rail lomc ter  is 
shown  in  Fig.  II-2.  Nominal  physical  and  operational  data  associated 
with  the  instrument  are  tabulated  in  Table  Il-l. 


FIG.  11-2  HUGHES  GRAVITY  GRADIOMETER  ROTOR  ASSEMBLY  AS 

MODELED  (see  Sec.  D.2  for  discussion  of  refer- 
ence systems). 
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Table  II-l 


NOMINAL  INSTRUMENT  DATA* 


Parameter 

Value 

Units 

Odd  Arm  Mass 

Even  Arm  Mass 

Odd  Arm  Moments  of  Inertia:  I 

1.563 

1.563 

-4 

4.990  X 10 

Xg 

kg 

^ 2 
kg  m 

XX 

I 

35.60  X lo”'* 

^ 2 
kg  m 

yy 

I 

35.61  X lo"'* 

. 2 
kg  m 

ZZ 

Even  Arm  Moments  of  Inertia:  I 

35.60  X lo"'* 

. 2 
kg  m 

XX 

I 

4,990  X 10"“* 

^ 2 
kg  m 

yy 

I 

35.61  X lo"'* 

^ 2 
kg  m 

ZZ 

Sensor  Spin  Rate 

110 

rad/'sec 

Difference  Mode  Resonant  Freq.,  Q 

220 

rad /sec 

Sum  Mode  Resonant  Freq.,  Qg 

142 

rad/sec 

Principal  Axis  Compliances;  \lr 

XX 

3.50  X lo”® 

m/N 

'1' 

3.50  X 10~® 

m.'N 

yy 

5.99  X lo"® 

m/N 

ZZ 

Low  Compliance  Pivot  Stiffness 

63 

N m/rad 

j High  Compliance  Pivot  Stiffness 

47 

N m/rad 

Data  taken  from  Refs.  AM-1  and  AM-2 
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D.2  Reference  Systems 

Figure  11.3  displays  side  and  axial  views  of  the  Hughes  gradlometer 

such  that  the  even  arm  Is  seen  end-on  in  the  side  view.  The  platform 

reference  system  is  defined  as  one  which  remains  fixed  with  respect 

to  the  platform  upon  which  the  sensor  is  mounted.  The  2 axis  points 

P 

along  the  nominal  rotor  spin  vector.  Vector  x forms  the  platform 

_ P 

norma  in  the  direction  of  g. 

The  body  reference  system  (subscript  b)  rotates  with  the  rotor 

and  is  nominally  aligned  with  the  platform  reference  system  at  time 

zero.  The  origin  of  the  body  reference  system  is  defined  as  the  true 

mass  center  of  the  odd  arm,  even  arm  combination.  Unit  vectors  2.  , y.  , 

b b 

2|^  are  iefined  by  the  principal  axes  of  the  two  arm  plus  rotor  instru- 
ment, The  unit  vectors  defining  the  directions  of  the  body  axis  system 
do  not  necessarily  coincide  with  any  of  the  instrument  geometric  axes, 
or  the  spin  axis. 

The  sensor  reference  system  (subscript  s)  has  its  origin  at  the 
ideal  instrument  mass  center  and  at  time  zero  the  sensor  system  coincides 
exactly  with  the  platform  reference  system.  The  sensor  system  rotates 
with  the  instrument  rotor,  and  is  nominally  coincident  with  the  body 
reference*  system. 


The  elastic  reference  system  (subscript  1)  has  its 

ideal  instrument  mass  center  and  rotates  with  the  rotor. 

incides  with  the  true  elastic  axis  of  the  low  compliance 

1 1-2  and  is  nominally  coincident  with  2 . 

s 


origin  at  the 

Axis  2 co- 
l 

pivot  of  Fig. 


D, 3 Rotating  Gravity  Gradlometer  Signal  Equation.  The  Twice  Frequency 
Torque 

The  rotating  gravity  gradlometer  employs  a piezoelectric  crystal 
to  measure  differential  rotations  of  the  even  arm  with  respect  to  the 
odd  arm  t bout  the  2^  axis.  An  ideal  rotating  gravity  gradlometer  is 
defined  as  one  having  as  its  output  a signal  which  is  due  only  to  the 
gradient  in  the  local  gravity  field.  With  ideal  operation,  a measure- 
ment of  arm  relative  rotation  may  be  directly  transformed  into  an 
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SIDE  AND  AXIAL  VIEWS  OF  HUGHES  RGG  (rotating  gravity  gradiometer ) 
FOR  AXIS  SYSTEM  DEFINITION. 


estimate  of  the  local  gravity  gradient.  Consider  the  idealized 
dumbbell  gradlometer  having  an  instantaneous  conf igurat ion  as  shown  In 
Fig.  II-4. 

To  first  order,  the  sensor  output  Is  linearly  proportional  to  the 
transducer  strain  and  may  be  written  as 

S = K_(60  - 80  ) . (2.8) 

To  e 

Furthermore,  since  69^  and  may  be  linearly  related  to  the  torques 

transmitted  to  the  central  pivot;  i.e., 

Mo  = Vo  <2.9) 

where  Is  defined  as  the  torque  acting  upon  the  central  pivot  which 

has  been  transmitted  through  the  instrument  odd  arm. 


FIG.  11-4  IDEALIZED  ROTATING  GRAVITY  GRADIOMETER  UNDER  THE 
INFLUENCE  OF  THE  GRAVITY  GRADIENT. 
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r 

I 


t 


A f*  r1 1 (<(' 11^*)  W''»  •»f  rttH  i <*  r output  (m  fount 

r<M  I lu*  «■  t r«'«  t ^ o I It  I ut  •!  yiioiii  I « n ti|>oii  I liii  I M I liti  I , I ll<*  |>i  I ii‘  I |i  I *'  of 
operatliiii  ciin  be  t I N^lth  a siniplui*  model  so  a ctiusulernt  loii  of 

the  effects  of  arm  dynamics  has  been  deferred  to  Sect,  t),4.  Thus  only 
the  instrumonl  steady  state  response  is  considered  for  wliich  the  sensor 
output  may  be  writtcti  as 


S - K„k„(T  - T ) . (2.10) 

T T o c 

With  all  Instrument  arm,  relative  motion  restricted  to  that  range  over 
which  transducer  gains  and  remain  constant,  sensor  output  is 

directly  proportional  to  the  difference  between  the  odd  and  even  arm 
torques  as  shown  in  the  simplified  output  signal  diagram  of  Kig.  II-5, 

ODD  ARM 
TORQUES  Tq 


EVEN  ARM 
TORQUES  Tg 

FIG.  I 1-5  SIMPLIFIED  SENSOR  MODEL  DISPLAYING  SENSOR  TORQUE 

TO  SIGNAL  CONVERSION 


D.4  Simi>llfied  Gradtometer  Sign.-<1  Development.  Steady  State  Operation 
ApproxTnTa  1 1 on_. 

Consider  the  ideal  dumbbell  gradiomoter  oriented  with  its  spin 
axis  horizontal  as  shown  in  Fig.  H-C.  The  vector  g^  is  the 

gravity  vector  at  the  origin  of  the  sensor  axis  reference  system  and  de- 
fines the  local  horizontal  plane. 


At  any  of  the 
written  in  terms  of 


masses , 


■» 

*0 


m, 

in 


I'lG.  1 1-6  DUMBBELL 

GRADIOMETER 


for  example,  the  gravity  vector  can  be 
(2.11),  (2.12),  and  (2.13). 
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Ax  + 


S 

ox 


dg  dg  dg 

‘ Ax  + Ay  + — Az 

by  dz 


(2.11) 


^g  c»g  6g 

g + ^ Ax  + ^ Ay  4-  ■“  ^ Az 


*ly  oy  ^ 

dg 


J = g 4-  — - Ax  4-  — - Ay  4-  — - Az 
Iz  oz  ^ 


dy 

dy 


\ 

dz 


(2.12) 


(2.13) 


Using  (2.6)  and  the  definition 


Ar  = (Ax,  Ay,  Az)  , 


(2.14) 


the  gravity  at  may  be  written  as 


-•  -»  jf 

*1  “ *0  • 


(2.15) 


Since  ATj  refers  to  the  displacement  of  from  the  origin  of  the 

sensor  reference  system, 


Ar^  - r^, 


(2.16; 


and  (2.15)  may  be  written  as 


S 


1 


*0^ 


(2.17) 


The  torque  Induced  by  the  gravitational  field  Influence  upon  the 

odd  arm  may  be  written  as 


T * r ><  ? 4-  r X 7 « (2.18) 

O i i J 

where 

* "l^*0  ^ (2.19) 
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and 


*3  “ "3^*0  ^ • *■3^  • 


(2.20) 


Since  for  an  ideal  instrument  all  four  masses  m^  are  equal,  and  since 


*"3  ■*’1  ’ 


(2.21) 


(2.18)  can  be  rewritten  as 


= 2mrj^  X {f  • r^^}  . (2.22) 

An  equation  similar  to  (2.22)  can  be  written  for  even  arm  induced  torques 
and  therefore  the  differential  output  torque  induced  by  the  gravity 
gradient  is 


T 

o 


X r 


(2.23) 


Along  the  sensitive  axis,  , the  component  of  the  differential  torque 
vector  of  (2.23)  is 


(T  - T ) . i s 2mr^<2(r  - T )sin0  cosQ 

o e s ( yy  XX 


2 2 1 
+ 2r^y(cos  9 - sin  0)| 


(2.24) 


or 


(T  - f ) . * = 2inr^Ur  -r  )sin  20+2  cos  20>.  (2.25) 

o e s I yy  XX  xy  J 


Mote  tha:  (2.25)  is  the  signal  equation  (2.7)  given  by  Bell  [BEL-1]. 

A BiMlla.*  equation  which  accounts  for  the  actual  arm  moments  of  inertia 
(rather  than  the  dumbbell  assumption)  is  developed  in  Ames  [AM-2].  Using 
this  development  (2.25)  becomes 
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(T  - ^ £ = (I  -I  )<(r  -r  )sin2e  + 2r  cos20>  (2.26) 

o c*  s yy  XX  I yy  XX  xy  J 


Since  the  rotation  angle  $ may  be  written  as 

6 = u)  t 

s 


(2.27) 


(2. 25)  may  be  written  as 


(T  - T ) . £ = 2mr  <(r  -T  )stn  2tj  t + 2r  cos2w  t>.  (2.28) 

o e s ( yy  XX  s xy  s' 


t|.  (2.; 


Hence  the  gravity  gradient  signal  frequency  is  twice  the  instrument  spin 

frequency.  Direct  measurement  of  sensor  In-phase  output  at  2u  yields 

s 

a direct  measurement  of  P - P . Direct  measurement  of  the  quadra- 

yy  XX  ^ 

ture  output  at  2co^  yields  a direct  measurement  of  p^^  . 


D.5  Rotating  Gravity  Gradiometer  (RGG)  Output  Equation 

In  addition  to  the  effects  of  the  local  field  gravity  gradient, 
gradiometer  output  Is  also  a function  of  various  instrument  and  dynamics 
related  error  sources.  In  this  section,  instrument  dynamics  have  been 
neglected.  For  simplicity  the  differential  torque  has  been  referred 
to  as  the  RGG  output.  A complete  equation  for  the  differential  torque 
is  given  in  (2.29). 


a . I -fz  *?]*  Si 


(2.29) 


♦ » . Z T 


error 


+ * • E T(tfg)  . 


The  first  three  terms  on  the  right  side  of  (2.29)  are  sources  of  output 
error  resulting  from  instrument  irregularities.  The  fourth  term  is  the 
desired  gravity  gradient  signal.  The  first  term  expresses  the  effect  of 
Instrument  mass  center  position  error  upon  instrument  output.  The 
second  term  relates  output  to  sensor  Inertia  properties  and  sensor 
rotational  dynamics.  The  third  term  of  (2.29)  Includes  all  other  errors 
Including  arm  anisoelastlclty,  sum  mode  mismatch,  and  the  misalignment 


-20- 


„„  .re 

tlvesc  error 

"”'  ,11  ' er.^ . 1.  <.o=“"*“‘ ' 

"•  al'ie  .re  e- 

'’'’®  reW'-®'^  a nature  th»t  tU 

latnVCS  sUC^ 

ar©  ^ 

this  typ  levels. 

.--QUreU*  err-e-oue 

,»not  »« 


M ...ee*'  • ,naSSI2tJ2£aS='  p,  ...re 

y tneasur 

r,  ^radiometer 

jattired  8*  „2 

the  des  9 . 

A *1  V 


^2.301 


cnw  - -S’  aec 

1 B«  = ^ ^ ^tent  appro’^i’"*^'^®^^ 

Br.v»’  „.S  teBeeto 

e ■'*%»>  .»>■  ‘’''  Br.Bi«”' 

‘'‘“'3t>oS»-  r”‘  rt.ei.  t,'  “ 

3 56  y expree®***  9 

ai  tor«in®  ® 3.,^  ^ lO  > 

,.H  ,0-’)<3  ’ 

C3.56  y 


C2.3^> 

\£5r_\  ina* 

' ® H ® • 

. 1.06»  X „ 3.56  » 

, cerreev'-'”' 

n ^ 

m K *•  # 

\ = station  change  o- 

“ „ .r»  rel.t^x'  orie 

..correspond*®  ^35Hx). 

*11  tor<\n*  e®  to 

^ _d  '-*»«*'  - ro^olOt^lB 

...ec  GBAV 


C2.33> 


h m 


y '0 


*«  tor<\«-  - .to 

lid  y.d  >-nen  tuned 

„ ORASSS-i^^''^  t sign®' 

drics*.-Sr3^^^^  uses  the  gr»''^'^^  *"‘‘‘1' concept'*®^ 

" t eoe.  »■>'  '°”',V  .„o.n  '» 

TW  B'*’"  ...tre”*" 

» s-'-”'” -B. 


KIG.  1 1-7  AXIALLY  SYMJHETRIC  CYLINURICAL  FLOATED  PROOF  »USS 
GRAVITY  GRADIOMETER 


!i 

h 

'a 


The  X,  y,  •/.  refertMice  system  of  the  figure  is  n geodetlt-  eartli  fixed, 
earth  centered  system.  Tiie  i,  J,  k system  Is  fixed  willi  respect  to 
tlte  instrument. 


The  heart  of  the  Draper  Labs  gradtometer  is  a cylindrical  float 
similar  to  that  used  in  the  construction  of  inertial  quality  gyros.  The 
instrument  is  supported  by  bouyant  fluid  forces  acting  on  the  float  and 
by  electrical  fields  which  act  at  the  bearings.  Symmetrically  located 
within  the  float  are  two  dense  proof  masses.  The  gravity  gradient  tor(|ue 
component  along  the  output  axis  of  the  instrument  shown  in  Fig.  II-7  is 


M 


r (I 

xy  yy 


I 

XX 


(2.34) 


The  torque  M causes  a rotation  of  the  instrument  with  respect  to  its 

mounting  structure.  This  rotation  is  sensed  and  nulled  by  a feeifback 

electrostatic  torque  which  is  proportional  to  the  component  r of  the 

xy 

gradient  tensor.  By  repositioning  the  nominal  location  of  the  dense 
material,  and  by  developing  combinations  of  the  outputs  from  several 
differently  oriented  sensors,  it  is  possible  to  extract  measurements  of 
all  five  independent  terms  of  the  gradient  tensor. 


The  Draper  Lab  instrument  extends  state  of  the  art  floated  inertia 
instrument  technology,  much  of  which  was  developed  at  the  Draper  Labs. 
Successful  operation  requires  precise  control  of  the  instrument  float 
as  well  as  control  of  temperature  and  temperature  gradients  [WI-1]. 

E. 2 Spherical  Gradiometer 


The  single  axis  cylindrical  instrument  was  used  as  a development 
model.  The  instrument  now  under  development  uses  a spherical  float 
with  dense  masses  at  two  points  giving  it  a dumbbell  mass  distribution 
as  shown  in  Fig.  II-8  [TR-2]. 

The  torque  about  each  of  two  axes  perpendicular  to  the  axis  of 
symmetry  provides  two  readouts  per  instrument.  The  notation  fluid  is 
inviscid  providing  a degree  of  isolation  from  small  amplitude  (jitter) 
rotations  of  the  case.  The  measurements  of  three  instruments,  when 


-23- 


FIG.  I 1-8  DRAPER  LABS  FLOATED  SPHERICAL  GRAVITY  GRADIOMETER 
[ f row  TR-2 ] 

combined,  provide  the  gravity  gradient  and  information  for  jitter  com- 
pensation. 

r.  BELL  AEROSPACE  CORP.  GRADIOMETER 

The  sensitive  elements  of  the  Bell  Aerospace  Corp.  gravity  grad- 
iometer  are  four  modified  Bell  Model  VII  pendulous  accelerometers.  The 
accelercmeters  are  mounted  symmetrically  on  a spin  table  with  their 
sensitive  axes  in  the  tangential  direction  defined  by  i,  where 

» = w X ? . (2.35) 

The  nominal  spin  table  rate  is  0.5  Hz  [ME-1].  A conceptual  diagram 
of  the  B<»1 1 Instrument  is  shown  in  Fig.  II-9. 

An  instrument  configured  as  shown  in  Fig.  II-8  senses  gravity 
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X 


gradient  In  the  X-V  p^ane  according  to  the  equation 


[(«!  + a^)  - (a^  + a^)]  = -2d[r 


XX  yy 


] sln(2u)t) 


(2.36) 


+ 4dtr^y  ]cos(2out) 


Modulation  of  the  output  signal  yields  an  in-phase  measurement  of  the 

off-diagonal  gravity  gradient  tensor  component,  f , and  a quadratu 

xy 

measurement  of  the  difference  between  two  of  the  diagonal  terms  f 


- r . 

XX  yy 


£.  GRADIENT  TENSOR  DETERMINATION 

Determination  of  all  independent  components  of  the  gravity  gradient 
tensor  f requires  at  least  three  Hughes,  Bell,  or  Draper  Labs  spherical 
gradiometers . Five  of  the  Draper  Lab  cylindrical  gradiometers  are  re- 
quired. The  cylindrical  gradlometer  provides  only  a single  measurement, 
whereas  the  rotating  instruments  provide  both  Inphase  and  quadrature  meas- 
urements. Each  of  the  Draper  Labs  spheres  provides  two  independent 
gradient  measurements.  In  this  section  the  methods  by  which  both  the  Hughes 
and  Draper  Labs  instruments  measure  the  gradient  tensor  are  discussed. 

Since  the  Hughes  and  the  Bell  instruments  provide  the  same  type  of  output 
signal,  the  number  of  Bell  sensors  required  and  their  orientations  can 

be  inferred  from  the  Hughes  sensor.  Hence,  the  Bell  sensor  is  not  con- 
sidered separately. 
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G. 1 Measuring  the  Gravity  Gradient  With  the  Hughes  R(KI  Orthogonal 
Instrument  Triad 

A system  for  gradient  measurement  using  three  Hughes  RGG  is  shown  in 
Fig,  II-IO.  The  nominally  identical  sensors  are  rigidly  mounted  to  an 
inertially  stabilized  platform  such  that  the  spin  axis  of  one  sensor  points 
along  each  of  the  platform  principal  directions.  With  0^  representing 
the  sensor  spin  orientation,  the  output  signal  equations  for  the  three 
sensors  are 


-r  )sln  20„  + F cos  20„\ 
yy  xx'  3 xy  3j 


AT. 


AT  z = 4mr^<J(r  -F  )sln  29  - F cos  29„  > 

2 zz  xx'  2 xz  2) 

= 4mr^|j(r  -F  )sin  20,  - F cos  29  > • 

1 yy  zz'  1 yz  ij 


(2.37) 

(2.38) 

(2.39) 


Examination  of  (2.37),  (2.38),  and  (2.39)  indicates  that  the  signal  quad- 
rature outputs  yield  direct  measurements  of  the  off-diagonal  components 
of  the  gradient  tensor.  The  inphase  signal  equation  terms  yield  measure- 
ments of  differences  among  the  gradient  tensor  diagonal  components  as 
express.sd  by  (2.40)  through  (2.42). 


- - 

r ) 

XX 

(2.40) 

■ - 

r ) 

XX 

(2.41) 

jC'yy  - 

r ) 

zz 

(2.42) 

The  for* going  equations  are  not  linearly  Independent,  and  using  only 

r , and  r 


these  equations,  it  is  not  possible  to  solve  for  F 

X/v  J Jf 

However,  using  haplace's  equation,  (2.5),  it  is  possible  to  determine  all 
three  diagonal  terms.  A simple  approach  to  the  determination  of  the  tliree 
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terms  from  four  equations  is  least  squares  estimation  [Ll-1].  The  least 
squares  estimate  for  the  diagonal  terms  Pjj  has  the  form 


f =.  (F 


(2.43) 


where 


r - [r  , r , r ]*  , 

XX  yy’  zz-*  ’ 


(2.44) 


F 5 (i) 


-110 
-10  1 

0-1  1 


111 


(2.45) 


A'  S [aJ,  a',  a;]’ 


(2.46) 


‘j  - lATj  • Aj)  ^ » Vj 


(2.47) 


where  is  random  measurement  noise.  Since 


- If ^3X31 


(2.48) 


T -1 

where  1 is  the  Identity  matrix,  (F  F)  always  exists, 

*jX«} 

The  error  in  the  estimate  of  T,  F,  may  be  written  as 


r = (F^F)~'f^v 


(2.49) 


where 


[vi,  Vg,  v^,  0] 


(2.50) 


For  an  unbiased  estimate, 


«[Vj]  » 0 , 


(2.51) 


and  an  expected  variance  of  the  measurement  nolae 

r 2i 

‘''j'  ■ 'j  • 

5[viVj]  =0,  i ^ J, 

where 


(2.52) 

(2.53) 

(2.54) 

(2.55) 


For  similar  measurement  systems,  the  statistical  properties  of  the  meas- 
urements can  reasonably  be  expected  to  have  the  same  value,  yielding 


Substitution  of  (2.48)  and  (2.56)  Into  (2.54)  yields 


(2.57) 


(2.58) 


Equation  (2.58)  represents  the  covariance  of  the  error  in  the  estimate 
of  the  gradient  tensor  diagonal  terms  which  results  from  estimation  based 
upon  a iilgnle  set  of  valid  measurement.  The  standard  deviation,  lOp  , 

. JJ 

of  the  drror  In  any  estimate  Fjj 
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(2,59) 


For  signal  measurements  which  have 

= 1(EU)^  , (2.60) 

= 0.889  EU  (2.61) 

= 0.943  EU  (2.62) 

For  quadrature  measurement  errors  having  the  same  statistical 
properties  as  given  by  (2.51),  (2.52),  (2.53),  and  (2.60),  the  error  in 
the  estimate  of  an  off-diagonal  term  of  the  gradient  tensor  is  1 EU. 

G, 2 Measuring  the  Gravity  Gradient  with  the  Hughes  RGG  Non-Orthogonal 
Instrument  Triad 

Consider  now  the  three- ins t rument , orthogonal  RGG  system  shown  in 
Fig.  II-IO,  Associated  with  each  instrument  , define  a platform  fixed 
reference  system  which  is  referred  to  as  the  measurement  reference  system. 
These  reference  systems  are  shown  in  Fig,  II-ll, 


A 


or 


lap 


jj 


lap 

JJ 


2^2  ^ 

1 EU  rms  error,  i.e.. 


F(G.  II-ll  MEASUREMENT  REFERENCE  SYSTEM  ORIENTATIONS  FOR  THREE 
ORTHOGONAL  RGG  (Rotating  Gravity  Gradiometcrs ) . 
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The  neasureiaent  reference  system  associated  with  RGG  No.  3,  M3, 

is  Identical  to  the  platform  reference  system.  Measurement  reference 
system  Ml  Is  related  to  M3,  and  the  platform,  by  a 490  degree  rotation 
Is  about  Xw-*  Hence,  the  spin  vector  of  sensor  No.  1 points  along  x 

r 

and 


Similarly, 


(2.63) 


(2.64) 


The  spin  axis  of  sensor  No.  2 points  In  the  y^  direction.  Suppose  now 
that  the  spin  axes  of  two  of  these  sensors  (No.  1,  SI;  and  No.  2,  S2) 
are  skewed  with  respect  to  the  orthogonal  alignment.  It  is  desired  to 
determine  the  effect  of  non-orthogonal  spin  axis  orientation  upon  overall 
gravity  gradient  measurement  accuracy.  Let  both  sensors  (S2  and  SI)  bo 
rotated  through  a [2,  1]  Euler  rotation  sequence  where  o,  describes 


the  rotation  about  y, 
sequent  x axis. 


and  describes  the  rotation  about  the  sub- 

rotation Is  not  Included  since  for  al  sensors 


MJ 

Is 


J ■ "Mj 

Is  the  spin  axis.  For  all  three  sensors,  the  output  torque  equation 


"mj  • “kj  ■ =»j}  • <«.«) 

In  order  to  estimate  the  Inertia  tensor,  the  terms  fF  1 . fF  1 

* ’ '•  xx'mj*  yy'MJ’ 

and  [r  ] must  be  related  to  a single  reference  system.  The  platform, 
xy  Hj 

or  M3  reference  system  Is  used  In  this  analysis.  It  Is  easy  to  show 
that  for  two  reference  systems  A and  B, 
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(2.66) 


p — P T 

B ~ ‘a/B  a A/B 


Therefore,  by  expressing  the  gravity  gradient  tensor  for  arbitrary  rota- 
tions a and  ^ in  terms  of  the  gradient  tensor  in  the  platform  refer- 
ence  system,  the  output  signals  of  all  three  sensors  can  be  combined  to 
yield  an  estimate  of  the  gradient  tensor  In  the  platform  reference  system. 
The  errors  in  these  measurements  can  then  b<  compared  with  the  measure- 
ment errors  associated  with  the  orthogonal  gradlometer  triad.  Using 


(2.63)  and 

(2.64),  and 

the 

{2.  1} 

Euler 

rotation 

sequence , 

transformations 

(2.67)  rnd 

(2.68)  evolve. 

COS 

«2 

-sin 

"^2 

0 

- 

'^M2/P 

= 

sin 

sin 

sin  p^ 

cos 

-cos 

^2 

(2.67) 

cos  Pg 

sin 

“2 

cos  P^ 

cos  0^ 

sin 

^2 

r -sin 

0 

- 

cos 

- 

= 

sin 

COS 

'"l 

cos  Pj 

-sin 

Pj  sin 

“l 

(2.68) 

cos  Pj 

cos 

““l 

-sin  P^ 

-cos 

Pj  sin 

“l 

- 

For  1^2~ 

-both  equal 

to  zero,  equation  (2.66)  yields 

r 

XX 

-r 

xz 

r 

xy 

lri„2 

= 

-r 

xz 

r 

zz 

-r 

yz 

(2.69) 

r 

xy 

-r 

yz 

r 

yy  p 

Subst  Itul.  Ion  of  the  components  of  the  gradient  tensor  of  (2.69)  Into 
(2.65)  yields 


(2.70) 


-33- 


which  agrees  with  (2.38).  A similar  test  for  sensor  No.  1 is  found  to 
agree  with  (2.39).  General  expressions  for  symmetric  matrices  [flun 
and  [r]^  are  given  in  terms  of  [r]p  in  (2.71)  through  (2.82) 

2 2 

^^1^12  * ^ “2'  <2.71) 

^<'12^10  = ^<'xx'<'yy^“^"  “2  “2  ^2  ^xy®^"  ' <2-'^2) 

2 \ 

sin  a^}  - cos  a^cos  3^  + r^^sin  cos  3^; 

(<'l3^M2  = ^^xx’"yy^®^"  “2^=°®  °‘2‘'‘'®  ^2  ""  ^'xy’^®*  ^2^^^°“^  ‘ <2-'^3) 

2 ^ 

“2^  ^ <'xz^°®  “2*^"  <^2  • <'yx*^“  “2"^"  ^2' 

^<’22^M2  * <’xx®^”^‘^2®^"\  ^ ^ ^ <2-‘^^> 

2 

2r^ySln  a^cos  sin  32  - '^2®^"  ®2  ‘^°®  ^2  ' 

- cos  OtgSln  32  cos  32! 

^”23^112  “ <'xx®^“^‘^2®^"  ^2  ®2  ^ ^yy‘=°®^®2®^"  ^2*^®®  ®2  " <2.75) 

- r sin  3_co8  3_  + 2r  sin  a„  cco  a_sln  a.cos  3„  + 

EE  2 2 xy  2 2 2 2 

+ <'xE*^“  0(2^®<”^^2"®°®^^2^  ■^<'yB®°®  a2(sin^32-cosS2) ; 

^ ■'■  ^ cos^a-Cos*3„  -t-  r sin^3_  + (2.76) 

33  IQ  XX  2 2 yy  2 ^2  ez  2 

2 

+2r  sin  discos  a_cos  3„  +-  2r  sin  a„sin  3„  cos  3„  + 
xy  2 2 *^2  xE  2 2 *^2 

+2r^^cos  attain  32COS32; 

* r sin^a  + 2V  sin  a, cos  a,  + P cos^a_:  (2.77) 

1 XX  1 XE  1 1 EZ  3 

^^I2^in  * ^<^ee"^xx^“^"  ®®“  “^l  ®^"  ^1  * <^xy®^"  *^1  ®®*  ^1  ^ <2.78) 

2 2 

+ r sin  3, (sin  a, -cos  a,)  - P cos  a,  cos  3,; 

XE  1 1 1 yE  1 1 

^’'13^111  “ (r„-r^^).lnajCos  a^cos  3^  + P^ySln  a^sin  3^  + (2.79) 

2 2 

+ P cos  3, (sin  a -cos  a ) + P cos  a sin  3,; 
xs  L i L ys  X X 
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(2.80) 


(r  ) 

' 22‘'mI 


(r  ) 

^ 23^M1 


33^M1 


2 2 2 2 2 
r cos  a, sin  3,  + r cos  3,  + r sin  a, sin  3,  + 

XX  I 1 yy  1 zz  11 

+2r  cos  a, sin  3,  cos  3,  - ZP  sin  a, cos  a sin^3 
xy  1 1 1 xz  1 1 1 

-2r  sin  a sin  3, cos  3,1 
yz  1 1 1 


P cos  a.sin  3, cos  3,  “ sin  3,cos  3,  + (2.81) 

XX  1 11  yy  1 1 

2 2 2 
+ r sin  a, sin  3,  cos  3,  + P cos  a, (cos  3,”sin  3, ) “ 
zz  1 1 1 xy  1 1 1 

-2P  sin  a cos  a sin  3, cos  3,+P  sin  a, ( sin^3, “Cos^S, ) ; 
xz  1 11  1 yz  1'  1 1'' 


P cos^a, cos^3,  + P 3in^3,  + P sin^a, co3^3,  - (2.82) 

XX  1 1 yy  "^1  zz  11 

2 

-2P  cos  a,  sin  3,  cos  3,  - 2P  sin  a,  cos  a,  cos  3,  -*■ 
xy  1 11  xz  1 11 

^2r  sin  a sin  3, cos  3.  . 
yz  1 1 1 


All  terms  on  the  right  sides  of  (2,71)  through  (2.82)  are  compo- 
nents of  [r]p.  Using  these  equations,  the  inphase  quadrature 

Aqj  outputs  of  the  sensors  may  be  written  as  (2.85)  through  (2.90). 

These  equations  are  based  upon  (2.65)  with 


IPJ 


4mr^sin  20^  j=l,2 


(2.83) 


. z_  1 t 


‘iJ  Amr^os  20;~‘“J  ■"'j^j=l,2 


(2.84) 


^IP3  “ 2 ^^yy  " ^xx^  '^13 


A » P + V-., 
Q3  xy  23 


(2.85) 

(2.86) 
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2 2 2 2 2 2 
^[sln  a^-cos  a ] + r^yLcos  CigSin  (2,87) 


+ P__[cos  p ] 

zz  / 


r^y[2sin  Q^COS  a2(sin^P2-l)  ] 
+ r^^l-2sin  O^sin  PgCos  P^ ] 

+ r^^[-2cos  OgSin  P2COS  p^] 


= r^^[sln  a^cos  CKgSln  p^]  + r^^[-sin  O^cos  a^sin  p^] 

+ r^yCsin  PgCcos^a^-sin^Og) ] 

+ r^^[-COS  OgCOS  Pg] 


(2.88) 


*IP1  “ I',^[cos^a^sin^p^-sin^a^]  + T^ytcos^P^] 


(2.89) 


r 2 2 2 1 

+ r^^Lsln  O^sln  p^-cos 

+ r^y[2cos  Oj^sin  Pj^cos  p^  ] 

+ r^^[-2sln  OjCos  Oj^Csin  P^^+l)] 

+ r [-2sin  a,  sin  P cos  P,  ] 
yz  1 1 1 


A , =i  r [-sin  OLcos  QLSin  p,  ] + P [sin  a, cos  a,  sin  P ] 

Q1  XX  1 1 1 zz  111 

+ P [-sin  a, sin  p,  ] 
xy  1 1 

2 2 

-♦  P [ sin  P ( sin  a -cos  a. ) ] 

XZ  1 1 1 

+ P [-C08  a,  COS  p,  ] 
yz  11 

^ '12  • 


(2.90) 
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Neglecting  the  noise  terms  v 


IJ’ 


(2.85) 


written  In  matrix  form  as  shown  In  (2.91). 


through  (2.90)  can  be 
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0 
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1 
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In  Sect.  E.l,  a system  of  three  Hugphes  RGG  was  considered  in  which 
the  spin  axes  of  the  Instruments  formed  an  orthoKonal  triad.  It  was 
shown  that  for  such  a system,  direct  inversion  of  the  six  available 
measurements  was  not  possible  due  to  the  dependence  of  the  inphase 
measurements.  Equation  (2.91)  shows  that  this  dependence  of  measure- 
ments holds  for  the  general  skewed  gradiometer  orientation  considered 
in  this  section.  With  (2.91)  rewritten  as 

^^^6X1  ~ t^^exe  ^^^6X1  ’ (2.92 

the  first  three  columns  of  L can  be  used  to  show  that  [L]  ^ does 
not  exist.  With 


Lj  = column  of  L, 


W ^ "2  ^ S = [‘^lexi 


(2.93) 

(2.94) 


Hence  matrix  L has  rank  less  than  6 and  cannot  be  inverted. 

As  for  the  case  of  orthogonal  spin  axes,  all  of  the  diagonal  and 
off  diagonal  terms  of  f are  estimable  upon  inclusion  of  Laplace's 
equation  added,  (2.92)  may  be  written 


r 

XX 
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yy 

^IP2 
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zz 
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xy 
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Using  (2.95)  and  standard  equations  for  over-determined  system 
parameter  estimation  (these  equations  are  discussed  in  Ch.  VII  and 
by  Likeness  [LI-1]),  the  effect  of  sensor-to-sensor  orientation  upon 
gravity  gradient  tensor  determination  accuracy  was  Investigated.  The 
results  of  this  study  are  shown  graphically  in  Figs.  11-12  through  11- 
20.  The  orientation  angles  a , P , a , 3 were  incremented  as 

A ^ X X 

specified  in  the  figures.  For  each  resulting  set  of  sensor  orientations 
the  covariance  matrix  J]  of  the  errors  in  the  estimates  of  the  slx"*^ 
Independent  gradient  tensor  components  was  formed,  and  a cost  function 


defined  as  the  sum  of  the  diagonal  terms 


i.e. , 


J = 1.  2, 


(2.96) 


was  calculated. 

All  sensor  measurements  were  assumed  to  contain  1 EU  white 

Gaussian  noise.  Examination  of  Fig.  11-12  through  11-20  shows  that 

as  sensor  spin  axes  become  less  orthogonal,  the  overall  accuracy  of 

the  measurement  of  the  gradient  tensor  generally  decreases,  as  shown 

by  the  increase  In  J.  Tiie  best  measurement  accuracy  is  reported  in 

Fig.  11-12  for  the  orthogonal  sensor  system,  for  which  the  cost  function 

2 

was  found  to  be  5.667  EU  . The  covariance  matrix,  j;,  for  the 
orthogonal  system  is  given  in  (2.97) 


(2.97) 


With  Laplace's  equation  included  as  an  equivalent  mc*asurem«>nt , the 
number  of  Independent  terms  of  the  gradient  tensor  increases  from 
5 as  specified  in  Sect.  II-A  to  II-F. 
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AXIS  ROTATION  FROM  NOMINAL,  a - zero  deg.  & = zero  deg 
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FIG.  11-13  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS  SENSOR  2y 
AXIS  ROTATION  FROM  NOMINAL.  O = 25  deg.  P,  = zero  deg. 


FIG.  11-14  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS  SENSOR  2y 
AXIS  ROTATION  FROM  NOMINAL,  a,  = 50  deg.  g,  = zero  deg 


GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS  SENSOR  2y 
AXIS  ROTATION  FROM  NOMINAL.  0=0  deg.  3 =25  deg. 
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FIG.  II-I6  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS  SENSOR  2y 
AXIS  ROTATION  FROM  NOMINAL.  O,  = 25  deg.  p = 25  deg. 
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FIG.  II-I7  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS  SENSOR  2^ 
AXIS  ROTATION  FROM  NOMINAL.  a = 50  deg.  P = 25  deg. 


PIG.  11-18  GRADIEOT  TEKSOR  ESTIMATE  ERROR  COST  FUlCTION  VS  SENSOR  2y 
AXIS  ROTATION  FROM  NOMINAL,  a = zero  deg.  P = 50  deg. 


FIG.  11-19  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS  SENSOR  2y 
AXIS  ROTATION  FROM  NONJINAL.  a,  = 25  DEG.  = 50  deg. 


AXIS  ROTATION  FROM  NOMINAL.  a,  = 50  deg.  P = 50  deg 


G.8  Measuring  the  Gravity  Gradient  With  the  Draper  Labs  Cylindrical 
Gravity  Gradiometer 

A simplified  representation  of  the  Draper  Labs  cylindrical  gravity 
gradiometer  was  shown  in  Fig.  II-7.  With  the  proof  masses  of  that 
figure  replaced  by  point  masses  each  having  nilass  m,  Fig,  II-7  is  re- 
drawn as  Fig,  11-21.  The  masses  of  the  figure  are  situated  such  that, 
in  the  reference  system  shown, 

= ['•j,  0,  of  (2.98) 

and 

Tg  = t*’2'  • ‘ ^2.99) 


FIG.  11-21  DRAPER  LABS  CYLINDRICAL  GRADIOMETER  WITH  PROOF 
MASSES  REPRESENTED  AS  POINT  MASSES. 


I 

j 


Under  nominal  conditions, 


1^1 1 = 1^2  ^ (2.100) 

and  the  mass  position  radii  of  (2.98)  and  (2.99)  may  be  rewritten  as 

= *■[!.  0,  0]^,  (2.101) 

^2  ~ • (2.102) 

The  cylindrical  gradiometer  is  a single  axis  output  instrument.  The 
sensitive  axis  lies  along  z in  the  figure.  The  torque  about  the  z 
axis  for  a stationary,  ideal  instrument  may  be  written  as 


"^g  = ^ ‘-2  " "«2  • 


Using  equations  (2.104)  and  (2,105), 


«1  = «o^^"^i 


«2  = «0 


and  substituting  for  and  r^  from  (2.101)  and  (2.102), 


T • k = 2mr,  X F r,  , 
K 11 


Using  the, matrix  definitions  for  f and  "r, 


(2.103) 


(2.104) 

(2.105) 


(2.103)  becomes 


(2.106) 


^ = 2mr^  r 

g xy  • 


(2.107) 


Hence,  using  the  measured  value  of  the  output  torque 
be  estimated  as 


r can 
xy 


A 

r 

xy 


_i 

„ 2 
2mr 


(2.108) 
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By  orienting  the  instrument  sensitive  axis  along  x and  y,  the  terms 

r and  r can  similarly  be  measured, 
yz  xz  ■' 

Suppose  now  that  the  gradiometer  is  oriented  as  shown  in  Fig, 
11-21  but  that 


and 


T zz 

r|^ 

1 

[2. 

2 ' 

— ♦ 

r = 

-rF^ 

JK 

2 

[2  ' 

2 ’ 

of 

and 

(2. 

(2.109) 


(2.110) 


"l" 

'I' 

• 5:  - 

/2mr  — 

1 

X [f] 

1 

_0_ 

_0_ 

2 


(2,111) 


or 


[f  . t]  ^ mr^[r  - r ] 

g j yy  XX-" 


(2.112) 


By  orienting  the  skewed  mass  cylindrical  gradiometer  such  that  the 

sensitive  axis  lies  along  x it  is  possible  to  measure  fP  - P 1. 

yy  zzJ 
r- 

If  the  sensitive  axis  lies  along  y,  one  can  measure  [P  - P 1. 

As  was  the  case  with  the  Hughes  instrument,  when  the  Laplace  equation  is 
used,  the  separate  diagonal  components  of  the  gradient  tensor  can  be 
calculated.  Hence,  a minimum  of  five  cylindrical  gradiometers  is  re- 
quired for  complete  gravity  gradient  determination.  It  is  also  noted 
that,  as  was  the  case  with  the  Hughes  RGG,  the  off-diagonal  gradient 
tensor  components  are  accompanied  by  a factor  of  2 which  is  not  present 
in  the  measurements  of  the  diagonal  term  differences.  Using  2 skewed 
mass  cylindrical  gradiometers,  one  having  its  sensitive  axis  along  the  z 

/S 

direction  and  one  alonfc  the  x direction,  and  using  the  Laplace  cqua- 
tion  as  in  Sect.  0,1,  the  diagonal  components  of  the  gradient  tensor 
may  be  estimated  from  equation  (2.113) 
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^x 

3 

f’zz 

2 1 1 

-111 

-1  -2  1 


gl 


k2 


Torque  measured  by  the  (^radiometer 
having  its  sensitive  axis  along  z 
and  Its  between  the  weights  axis 
skewed  with  respect  to  the  x and  y 
axes . 


(2.113) 


(2.114) 


g2 


Torque  measured  by  the  gradiometer 
having  Its  sensitive  axis  along  x 
and  weights  along  the  y and  ”z  bi- 
sector. 


(2.115) 


The  covariance  matrix  for  the  error  in  the  estimate  of  the  gradient 
diagonal  terms  is  given  by  (2.116). 


P 


-1 

2 

-1 


(2.116) 


Equation  (2.116)  can  be  compared  directly  with  the  similar  equation, 

(2.58),  which  was  developed  for  the  Hughes  instrument,  bearing  in  mind 

the  lattsr  is  for  three  measurements.  If  the  value  of  r is  taken  to 
2 

be  1 EU  as  it  was  for  the  RGG  covariance  calculation,  numerical  values 
can  be  applied  to  the  resulting  gradient  tensor  component  estimate 
errors  for  comparison.  These  values  are  listed  in  Table  11-2. 

By  changing  the  two  diagonal-term-senslt ive  axis  directions  of  the 
Draper  Labs  sensors,  different  components  can  be  selected  to  be  minimum 
error  components.  If  a third  skewed  mass  sensor  is  added,  the  errors 
reduce  exactly  to  the  levels  specified  for  the  Hughes  sensor. 
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Table  I 1-2 


COMPAKISON  OF  THREE  HUGHES  AND  TWO  DRAPER  lABS  DIAGONAL 
GRADIENT  COMPONENT  ESTIMATE  ERROR  FOR  THE  TWO  SKEWED 
MASS  SENSOR  CASE.  GRADIENT  ESTIMATION  USING  MINIMUM 
NUMBER  OF  SENSORS, 


G.4  Measuring  the  Gravity  Gradient  With  the  Draper  Labs  Spherical 
Gravity  Gradlometer 

Consider  the  simplified  drawing  of  the  ideal  spherical  gradlometer 
shown  in  Fig.  11-22.  In  this  figure  the  distributed  proof  masses  are 
again  assumed  to  be  point  masses  for  purposes  of  simplicity.  Output 
axes  are  assumed  to  be  i and  k in  conformance  with  Trageser's  nota- 
tion rTH-21,  - 

1 


FIG,  11-22  SIMPLIFIED  REPRESENTATION  OF  DRAPER  IvXHS  SPHERICAL 
GRAVITY  GRADIOMETER;  OUTPUT  AXES  1 and  J. 
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Vector  equation  (2,103)  applied  for  spherical  sensor  output  as  It 
did  for  the  output  of  the  cylindrical  instrument.  For 


and 


r\  ^ r[0,  0,  l]"^ 


^2  = - ^1  . 


(2. 117) 


(2.118) 


the  output  torque  is 

g 


[T  ] = 2mr  {-r  , r , 0} 

gJ  1.  y2'  XZ’ 


(2.119) 


A>  A., 

The  reference  system  [i,  J,  kj  is  referred  to  as  the  body  reference 
system  (subscript  B). 

Consider  now  the  system  of  three  spherical  gravity  gradiometers 
shown  in  Fig.  11-23. 

A.  A_ 

Using  a [1,  2,  3]  Euler  rotation  sequence,  it  is  possible  to 
specify  the  transformation  to  any  of  the  body  reference  system,  , 
from  the  platform  system  P,  given  the  values  of  the  sequential  rota- 


Bj/P 


about 

the 

proper 

A A 

1,  2, 

and 

A 

3 

axes  respectively. 

COS 

COS 

cos 

sin 

sin  Q 

J 

4 sin 

rj  cos  Oj 

= 

-s  in 

cos 

-sin 

sin 

sin  Oj 

4 cos 

-^jCos 

sin 

-cos 

sin 

a 

J 

-cos  x . P.cos  a.  4 sin  Y sin  a 
J J J j j 

sin  r.  sin  P cos  a 4 cos  v sin  <1 
J J J 

cos  Pj  cos  Clj 


(2.120) 
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GRADIOMCTFR  #1 


FIG.  11-23  THREE  SPHERICAL  GRAVITY  GRADIOMETERS 


Flffure  11-17  represents  special  cases  oi  the  general  rotation  se- 
quence, These  special  cases  are  listed  in  (2,121),  (2.122),  and  (2.123), 

with  the  resulting  transformations  T , listed  in  (2,124),  (2.125), 

B /P 

and  (2.126); 


{«. 

P.  r}i  = 

= [0, 

0, 

0} 

(2,121) 

(a. 

= {90, 

9. 

0} 

Cct. 

Pi  rig  = 

= {90, 

90, 

0} 

^Bl/P 


10  0 
0 10 
0 0 1 


^B2/P 


10  0 
0 0-1 
0 10 


^B3/P 


0 

0 

1 


1 0 
0 1 
0 0 


(2.124) 


(2.125) 


(2.126) 


Given  these  transformation  and  (2.67),  the  gravity  gradient  tensor  written 
in  platform  reference  system  components,  may  be  expressed  in  the  various 


body  reference  systems  as  shown  in 

(2,127) 

through  (2.129). 

^^^Bl 

{rip 

(2.127) 

p 

P 

xy 

{^iB2  ~ 

■ 

1 

*< 

N 

(2.126) 

‘xy 

~^yz 

"yy 

-56- 


yy 

P 

p 

yz 

xy 

yz 

P 

P 

zz 

xz 

xy 

p 

r 

xz 

XX 

(2,129) 


Using  measurement  equation  (2,119), 
are  specified  by  matrix  equation 


the  six  gradient  measurements 
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(2.130) 


None  of  the  gradient  diagonal  terms  is  present  in  the  six  available 
measurements  shown  in  (2.131).  It  is  concluded  from  this  example  that 
it  is  necessary  for  the  be tween- the-weight  axes  to  be  non-orthogonal 
in  order  to  provide  a complete  measurement  of  the  gradient  tensor.  For 
arbitrary  rotations  a,  P,  and  y of  sensor  J,  gradient  tensor  com- 
ponents 


J XX 
2,  2, 


(2.131) 


2 2 

+ [cos  Y"  sin  a(sin  P-cos  p)  + sin  r sin  p cos  a)  P 

■•j  xy 

2 2 

+[-cos  Y cos  a(sin  p-cos  P)  + sin  y sin  p sin  al  P 

Jj  X7. 

2 

+[-cos  y sin  p cos  P sin  a - sin  y cos  p sin  a cos  al  P 

yy 

2 2 

+[2cos  y sin  p cos  p sin  a cos  a+sin  y cos  P(cos  O-sin  a)]  P 

J 

2 

+rsin  y cos  p sin  a cos  a - cos  y sin  P cos  p cos  al  P ; 

J zz 
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(2.132) 


[-sin  y cos  p sin  P]  r 

J XX 
2 2 

+ [-sin  y sin  a(sin  p-cos  p)  + cos  v-  sin  P cos  O!)  P 

xy 

2 2 

+[sin  r cos  a(sin  p-cos  p)  + cos  y sin  P sin  al  r 

•‘j  xz 

2 

+ [-cos  y cos  P sin  a cos  CW-sin  y sin  P cos  P sin  al 

■•j  ‘ yy 

2 2 

+[cos  y cos  P(cos  a-sin  a)-2  sin  y sin  P cos  P sin  a cos  al  r 

) yz 

2 

+[sin  y cos  P sin  p cos  a + cos  y cos  p sin  a cos  al  T 

•'.1  zz 


Using  (2.131)  and  (2.132)  the  matrix  output  equation  for  three  arbitrarily 
oriented  spherical  gravity  gradiometers  is  written  in  (2.133).  Coeffi- 
cient matrix  M is  specified  by  (2.134). 


Examination  of  the  coefficient  matrix  M shows  that  the  six  measure- 
ments cannot  be  inverted  directly  to  yield  an  estimate  of  f. 
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Mj  = column  of  matrix,  M, 

+ Mg  = 0 (2,136) 


for  arbitrary  , Pj , and  y^.  Hence,  as  was  found  to  be  the  case  for 
the  system  of  three  Hughes  gradiometers , estimation  of  the  gravity 
gradient  tensor  f using  a system  of  three  Draper  Labs  spherical  gradi- 
ometers requires  use  of  Laplace's  equation.  The  six  measurements  alone 
do  not  contain  information  sufficient  for  estimation  of  all  six  inde- 
pendent gradient  tensor  terms. 

Upon  Inclusion  of  Laplace's  equation,  matrix  output  equation  (2,133) 
may  be  written 
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Equation  (2.137)  has  the  same  form  as  (2,96),  the  Hughes  three  sensor 

system  matrix  output  equation.  Using  the  overdetermined  least  squares 

estimation  equations  which  were  used  for  the  Hughes  system,  a study  to 

determine  the  optimal  relative  sensor  orientations  was  performed.  An 

optimal  system  was  defined  as  one  which  minimized  the  covariance  diagonal 

sum  cost  function  given  by  (2.96).  The  covariance  cost  function  was 

numerically  evaluated  for  different  sensor  configurations.  The  results 

of  this  analysis  are  shown  in  Figs.  11-24  through  11-31.  Figure  11-24, 

11—25,  find  11-26  display  plots  of  covariance  cost  function  J versus 

instrument  y rotation  angle,  p,  for  the  cases  where  the  three 
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FIG.  11-25  GRADIENT  TENSOR  ESTIMATE  ERROR  COST  FUNCTION  VS  INSTRUMENT 
ROTATION  ANGLE.  ALL  SENSC«S  ROTATED  THROUGH  ANGLE  P. 

= zero  deg.  On  = 90  deg.  a„  = 180  deg. 


M u 

a>  a>  0) 

•o  *0  *0 


p jioii^Nrd 


64- 


instruments  have  different  rotations  as  shown  in  the  figures,  A 

composite  of  the  three  curves  is  given  in  Fig.  11-27  to  allow  performance 

comparisons.  Examination  of  the  curves  indicates  that  the  case  of  Fig. 

2 

11-26  yields  the  minimum  value  of  cost  function  J (7,66  EU  ). 


For  this  case  the  were  selected  to  symmetrically  locate  the 

between-the-weights  axes  about  the  vertical  with  and  ot^  having 

values  equal  to  0,  120,  and  240  degrees  respectively.  Subsequent  tests 
showed  that  it  was  the  symmetry  of  sensor  spacing,  l.e,,  the  constant 
120  deg  between  the  sensors  which  brought  about  the  minimum  cost  func- 
tion. The  covariance  matrix  diagonal  terms  are  a function  of  sensor 
spacing  rather  than  sensor  a-angle  absolute  value.  As  a demonstration 
of  this  sensitivity  relationship,  consider  equations  (2.137)  through 
(2.140).  The  first  two  equations  are  coefficient  matrices  M for  ^ 
equal  to  16  deg.  The  values  of  the  Uj  are  specified  in  the  equations. 
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The  sensor  orientations  which  yielded  the  minimum  cost  function  J 
are  defined  in  (2.141),  This  is  approximately  the  cube  face  orientation 
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discussed  by  Trageser  in  [TR-2]. 

The 

covariance 

matrix  corresponding 

to  this  case  is  given  by  (2.142) 
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the  between-the-weights  axes 


of  Fig,  II  26  becomes  unbounded  for  y 

B 

or  35  • 2644  degrees  at  which  value 
are  orthogonal. 


The  optimum  value  of  P differs  by  only  about  3 degrees 
cube  face  orientation  [TR-2]  for  which  P = 54.7  deg.  In  the 
case  the  between-the-weights  axe.s  are  slightly  more  skewed  at 
than  the  60  deg  for  the  cube  face  case.  As  can  be  seen  1 1>  Fi 
the  practical  effect  of  the  difference  is  negligible. 


from  the 
opt imum 
54.  7 

K • 


Figure  11-28  shows  the  effect  of  x^^  axis  rot  r 
the  covariance  matrix  cost  function.  For  thi  anal 
set  to  58  deg.  Angles  and  Qr^  were  set  t ;i  ,r  * 

spectively.  Angle  a was  then  perturt**--:  1 

sJ 

20  deg  Increments  and  the  cost  functi 
value  of  J occurs  for 


DIFFERENCE  BETWEEN  SENSORS  2 and 


120  deg 


(2.143) 


and  it  is  apparent  that  J does  not  Increase  substantially  from  that 

minimum  within  a ^45  deg  band  about  120  deg.  The  variations  in  the 

separate  diagonal  terms  of  the  covariance  matrix  throughout  the  test 

are  plotted  in  figures  11-29,  11-30,  and  11-31,  Examination  of  these 

figures  shows  that  each  individual  covariance  matrix  component  follows 

the  same  general  trend  as  the  cost  function  except  E which  was  less 

zz 

affected  by  the  perturbations  than  the  other  terms  throughout  the 

spectrum  of  angular  increments  evaluated. 

Rotations  about  the  instrument  between-the— weights  axis  substan- 
tially effect  the  coefficient  matrix  M but  do  not  alter  the  covariance 
matrix  E. 

G-5  Conclusions  Regarding  Gravity  Gradient  Measurement 

Based  upon  the  analyses  presented  in  Sect.  G,  the  following  con- 
clusions regarding  gravity  gradient  measurement  can  be  drawn; 

1.  For  all  of  the  measurement  systems,  full  gradient  determina- 
tion requires  three  separate  gravity  gradiometers  except  for 
the  Draper  Labs  cylindrical  gradiometer.  Five  of  these  sensors 
are  required; 

2.  Full  gradient  determination  can  be  accomplished  using  data 
from  three  independent  sensor  if  and  only  if  Laplace's  equation 
is  used  along  with  the  measurement  data; 

3.  For  gradient  estimate  errors  having  minimum  variance,  the  out- 
put axes  of  the  Hughes  and  Bell  sensors  should  be  orthogonal. 
For  the  Draper  Labs  spherical  gradiometers,  the  three  sensors 
should  be  oriented  approximately  along  the  bisector  of  the 
three  faces  of  a cube  which  meet  nt  a corner  as  recommended  by 
Trageser  [TR-2').  Three  Draper  Labs  sensors  cannot  provide  full 
gradient  determination  if  the  betwecn-the-weights  axes  are 
orthogonal . 
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RLPHHC2)  - flLPHflC3)  (DEG) 

FIG.  11-29  GRADIENT  TENSOR  ESTIMATE  ERROR  COVARIANCE  MATRIX  COMPONENTS  VS 
ANGUIiAR  ROTATION  DIFFERENCE  BETWEEN  SENSORS  2 and  3;  T and 
CTi  = *ero  deg.  P = 58  deg.  * 


FIG.  11-30  GRADIENT  TENSOR  ESTIMATE  ERROR  COVARIANCE  XIATRIX  COMPONENTS  VS  : 

ANGULAR  ROrATION  DIFFERENCE  BETWEEN  SENSORS  2 and  3;  E 'and  £ 
a,  = zero  deg.  3.  = 58  deg. 


FIG.  11-31  GRADIENT  TENSOR  ESTIMATE  ERROR  COVARIANCE  MATRIX  COMPONENTS  vs 

ANGULAR  ROTATION  DIFFERENCE  BETWEEN  SENSORS  2 and  3.  I and 

xz 

^yz‘  “l  = = 58  deg. 


4.  The  addition  of  a fourth  gradiometer  into  the  systen  does  not 
relax  the  requireawnt  that  Laplace's  equation  be  Included  for 
full  tensor  identlf lability.  The  use  of  additional  sensors 
would,  however,  reduce  the  rms  errors  associated  with  the 
various  component  estimates. 
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Chapter  III 

HUGHES  GRAVITY  GRAD IOMETER  ERROR  MODEL 

A.  INTRODUCTION 

Three  different  gravity  gradlometers  were  discussed  in  Chapter  II. 

Each  of  these  instruments  has  been  designed  to  provide  gravity  gradient  data 
to  1 EU  rms  accuracy,  using  a 10  sec  data  averaging  period,  at  or  near  the 
earth's  surface  while  operating  from  a mobile  platform  such  as  a truck,  a 
ship,  or  an  aircraft.  To  date,  none  has  achieved  this  goal. 

A major  problem  associated  with  reaching  1 EU  performance  is  instru- 
ment response  to  its  dynamic  environment.  All  of  the  instruments  are 
sensitive  to  angular  velocity  since  there  exists  a gradient  in  the  centrip- 
etal acceleration  field  Just  as  one  exists  in  the  gravity  field.  Both 
gradients  have  an  identical  effect  upon  gradlometer  output.  Hence,  the 
motion  of  the  platform  must  be  limited  to  either  extremely  small  or  to 
well  known  dynamics  in  order  to  eliminate  the  effect  of  Jitter  motion 
which  exists  and  is  tolerable  on  current  inertial  instrument  platforms. 

In  addition  to  these  systematic  errors  the  output  of  each  instrument 
contains  errors  due  to  imperfections  in  construction.  The  parameters 
associated  with  fabrication  error  transform  angular  velocity,  angular 
acceleration,  and  linear  acceleration  into  errors  in  gradlometer  output. 

By  writing  the  differential  equations  which  represent  the  dynamic  behavior 
of  the  instrument  and  its  response  to  a general  kinematic  environment,  it 
is  possible  to  relate  kinematic  input  to  sensor  output  through  the  instru- 
ment parameters.  Once  these  relationships  are  known,  methods  for  reducing 
the  effects  of  parameter  irregularities  upon  sensor  output  can  be  sought 
if  necessary.  In  the  case  of  the  moving  base  gravity  gradlometer,  such 
reductions  are  essential. 

In  this  chapter  a complete  error  model  relating  sensor  parameters, 
dynamic  environment,  and  sensor  output  is  developed  for  the  Hughes  Rotat- 
ing Gravity  Gradlometer  (RGG).  The  techniques  for  parameter  identification 
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and  correction  and  sensor  output  compensation  appearing  in  subsequent 
chapters  are  specialized  to  the  Hughes'  (RGG)  instrument.  The  general 
approach  to  parameter  estimation  and  control  can.  however,  be  applied  to 
any  rotating  instrument. 


B.  INSTRUMElfr  ERROR  SOURCES 

Instrument  motion  excites  an  instrument  output  signal.  For  an  ideal 
gradiometer,  the  only  output  occurs  at  twice  the  spin  frequency 
and  is  due  to  the  gravity  gradient.  The  instrument  will,  however,  be 
constructed  to  finite  nonzero  tolerances.  The  gradiometer  equations  of 
motion  provide  a description  of  the  output  signal  errors  which  result  from 
kinematic  excitation  of  an  instrument  possessing  non-nomlnal  physical 
characteristics.  Parameters  such  as  arm  mass,  moment-of-lnertia,  and  mass 
center  offset  can  be  used  to  provide  an  indication  of  the  level  of  manu- 
facturing error  associated  with  the  instrument.  The  gradiometer  error 
mechanisms  which  were  modeled  are  discussed  Individually  in  this  chapter. 
They  are: 

<a)  Rigid  Body  Linear  Dynamics.  The  kinematic  input  is  linear 
acceleration.  The  associated  instrument  parameters  are  arm 
mass  and  mass  center  location.  This  error  is  treated  in  Sect. 
B-1. 

(b)  Axial  Torsional  Coupling.  The  kinematic  input  is  linear  accel- 
eration. The  associated  instrument  parameter  is  a cross-axis 
coupling  coefficient.  This  error  is  treated  in  Sect.  B-2. 

(c)  Rigid  Body  Rotational  Dynamics.  The  kinematic  inputs  are 
angular  velocity  and  angular  acceleration.  The  associated 
instrument  parameters  are  arm  mass,  arm  mass  center  location, 
and  arm  moment-of-inertla.  This  error  is  treated  in  Sect. 

B-3. 

(d)  Sum  Mode  Mismatch.  This  error  may  be  thought  of  as  one  which 
results  from  flexible  body  rotational  dynamics.  The  kinematic 
inputs  are  angular  velocity  and  angular  acceleration.  The 
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associated  instrument  parameters  are  arm  and  Instrument  case 
moment~of- inert  la , pivot  compliance,  and  pivot  damping  ratio. 
This  error  is  treated  in  Sect.  B-6. 


(e)  Angular  misalignment.  The  kinematic  Inputs  are  linear  accelera- 
tion and  angular  velocity  and  acceleration.  The  associated 
Instrument  parameters  are  arm  mass,  mass  center  location, 
HK>iiient-of-inertia,  and  axial  misalignment.  This  error  is  treated 
in  Sects.  B-4  and  B— 5. 

(f)  Arm  Elasticity.  This  error  results  from  flexible  body  linear 
dynamics.  The  kinematic  input  is  linear  acceleration.  The 
associated  instrument  parameters  are  arm  mass  and  compliance. 

This  error  is  discussed  in  Sect.  B-7. 


In  addition  to  the  kinematic  error  mechanisms,  numerous  other  sources 
of  output  error  exist  within  the  gradiometer.  A list  of  primary,  non- 
klnematlc  error  sources  includes: 

(a)  thermal  or  Brownian  noise, 

(b)  temperature  and  temperature  gradient, 

(c)  accoustic  coupling, 

(d)  instrument  and  detector  nonlinearities, 

(e)  signal  processing  errors. 

The  nonkinematically  induced  errors  are  not  treated  in  this  document. 

Since  only  the  Hughes  gradiometer  is  discussed  in  the  remainder  of 
this  document,  it  sill  be  subsequently  referred  to  simply  as  the  RGG 
(rotating  gravity  grAdiometer).  In  the  analysis  which  follows,  the  various 
output  errors  are  denoted  by  the  subscripted  variable  «.  For  example, 
the  variable  denotes  the  error  in  RGG  output  due  to  instrument  mass 

center  offset  in  the  presence  of  linear  acceleration. 


f 

i 3 


B-l  Linear  Acceleration  Induced  Torque, 

Arm  mass  center  offset  with  respect  to  the  z (or  z ) axis  re- 

s p 

sponds  to  linear  accelerations  and  gravity  to  cause  an  output  error 
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if 


In  the  sensor  reference  frame,  with  the  sensor  spin  axis  assumed  to  be 
horizontal, 


[M  p - M p ][a  cos  u)  t - ( a - g)sin  cj  t] 
0^X0  e^xe  yo  s x s 


-[M  P - M p ][(a  'g)cos  10  t - a sin  lo  t] 
o^yo  e'^ye  xp  ' s yp  s 


Sensor  response,  is  principally  a reaction  to  gravity,  which  is 

IjA 

relatively  constant.  Constant  gravity  causes  an  output  error  at  the 

spin  frequency  co  . The  effects  of  accelerations  a and  a , however, 
s xp  yp’ 

are  dependent  upon  their  frequency  content.  Inspection  of  (3.1)  indicates 


that  is  a or  a 

xp  yp 


have  frequency  content  at  either  or  3a)^ , an 


error  at  2(o^,  the  gravity  gradient  signal  frequency  is  generated. 


B-2  Axial-Torsional  Coupling  (Yankee  Screwdriver  Effect)  c., 


The  Yankee  Screwdriver  error,  , is  so  titled  due  to  its  simil- 

Yo 

arlty  with  the  operating  mechanism  of  the  Yankee  screwdriver.  The  torque 
tyg  is  defined  as  the  sensor  output  torque  about  the  axis  due  to  a 

/S 

sensor  linear  acceleration  along  that  same  axis,  z^.  The  error  torque  is 
modeled  as  the  difference  of  the  two  arm  cross-axis  compliance  coefficients 
*^S0  "****  *^YSE  written  in  (3,2)  Based  upon  (3.2) 


■ '“VS0-“VS.K 


it  is  apparent  that  if  the  bracketed  term  is  nonzero,  and  if  a^  has  compo- 
nents at  twice  the  spin  frequency,  l.e,,  at  2co^ , the  Yankee  screwdriver 
effect  will  produce  an  output  error  at  the  sensor  signal  frequency. 

DeBra  [DeB-2]  has  proposed  two  separate  mechanical  models  as  con- 
tributors to  the  axial-torsional  coupling  error.  The  first  error  model 
is  shown  schematically  in  Fig.  III-l  and  is  referred  to  as  the  ’mower 
reel'  effect.  In  Fig,  III-l  the  RGG  has  been  simplified  to  consist  only 
of  the  two  arms  and  the  central  pivot.  The  arms  are  represented  in  the 
drawing  as  solid  disks.  The  odd  arm  is  assumed  rigidly  attached  to  a 
support.  The  central  pivot  Is  represented  by  the  two  twisted  bars. 
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FIG.  III-l  SIMPLIFIED  ROTATING  GRAVITY  GRADIOMETEP  SCHEMATIC  DEMONSTRATI  1«;  THE 
MOWER  REEL  MODEL  FOR  THE  AXIAL  TORSIONAL  COUPLING  ERROR. 


although  a siTiglc  bar  would  have  been  adequate  for  the  model.  UiuJer  ideal 
conditions,  the  bars  (pivot)  possess  no  twist.  In  the  ideal  case,  linear 
acceleration  a^  causes  simple  compression  and  expansion  of  the  pivot. 

Nf)  <1 1 f ferent  1 a 1 rotation  betwe«Ti  the  arms  is  Inducerl  arid  no  error  sic.nal 
is  generated.  Suppose,  however,  that  the  bars  have  a twist  angle 
Than  a component  of  the  linear  acceleration  equal  to  sin  cp^  is  con- 

verted, through  the  arm  inertia,  into  a torque  which  causes  a relative 
angular  displacement  between  the  two  arms.  The  displacement  has  linear 
dependence  upon  the  torsional  compliance  of  the  twisted  bars  and  can  be 
expressed  as  shown  in  (3.2),  This  error  model  allows  the  20)^  frequency 

component  of  a to  contribute  to  the  RGG  otupu.  error, 
z 

The  second  proposed  model  for  axial-torsi"j..al  coupling  is  represented 

in  Fig,  I1I-2,  The  mechanism  for  the  error  signal  in  this  case  is  the 

change  in  spin  rate  due  to  arm  deflections.  Over  periods  of  time  which 

are  small  compared  to  the  spin  motor  response  time,  the  arms  can  deflect 

through  an  angle  AO  due  to  a linear  acceleration  along  the  direction  of 

the  spin  axis.  The  spin  rate  w changes  so  as  to  maintain  constant 

s 

angular  momentum,  h,  assuming  torque-free  operation.  This  mechanism 
for  axial-torsional  coupling  is  referred  to  as  the  piano  stool  effect,  i.e., 
the  instructor  varies  his  rotation  ra^e  by  extending  his  arms  while  spinning 
on  a piano  stool. 

"Z 
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For  small  angles 


\lr 

cos  t **>  1 - 


(3.2) 


r « FqCi  - t /2) 


(3.3) 


where 


^=1^0  + mk(  a + g) 


(3.4) 


The  term  in  (3.4)  represents  a bias  deflection  due  to  manufactur- 
ing tolerance.  The  term  mkg  represents  a bias  deflection  due  to  the 
vertical  gravity  field. 

For  these  short  periods,  spin  angular  momentum  h,  where 


h = 2mr  w 


(3.5) 


may  be  considered  constant.  Hence, 


h = 0 


(3.6) 


(3.7) 


Using  equations  (3.3)  and  (3.4),  and  assuming  g to  be  constant 

2 

^ 2w  mka[\lf  + mk(a  + g)}{l  + |-]  . 

U)  s ” ^ ^ 

* 1 - 

and,  from  the  binomial  expansion 


(3.8) 


2u^mka{4fQ  + mk(a  + g)]  {l  + 


(3.9) 


Ncglectlr^  the  term  In  (3.9), 

• • 2 * 2 • 

= 2(j  mki^  a + 2uj  (mk)  aa  + 2w  (mk  ga  . (3,10) 

s s vj  s s 

Equations  having  the  form  of  (3.10)  can  be  written  for  the  RGG  odd  and 
even  arms.  Taking  the  difference  of  these  equations  yields,  when  higher 
order  terms  are  neglected. 


= 2nA[mk>lfQ]a  + 2naaAC(mk)^]  (3,11) 

+ 2ngaA[(mk)^] 

where 

A 

n = nominal  RGG  spin  rate 

A[(mk)^]  = - (mk)^  (3.12) 

A[mk\ifQ]  = (mk\|fQ)^  - (mk';^)^  . (3.13) 

Because  4 and  <)  may  have  opposite  signs  in  (3.13),  there  is  no 
oe  oo 

nominal  cancellation  as  there  Is  In  (3.12).  Double  Integration  with 
respect  to  time  of  (3.11)  yields  a relative  deflection  A0  of  the  odd 
and  even  arms  as  expressed  by  (3.14) 


= (2nA(mk\lfQ)  + 2ngA[(mk)^]}  jj  adt^ 

+ 2nA[(mk)^]  JJ  aadt^  . 


(3.14) 


This  angular  deflection  produces  an  output  signal.  If  the  arms  are  Iden- 
tical In  terms  of  masses  m and  stiffness  coefficients  k,  only  the 
first  term  on  the  right  side  of  (3.14)  can  be  nonzero  due  to  manufact- 
uring angular  offset  mismatch.  Hence,  this  axial— torsional  coupling 
mechanism  can  provide  an  output  error  even  for  an  RGG  which  is  perfectly 
constructed  In  terms  of  arm  mass  and  arm  compliance.  If 
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a = A sin  , (3.15) 

then  u)^  has  2(i)^  frequency  content  since  aa  Is  at  Similarly, 

a = A sin  2w^t  (3.16) 

u also  has  a 2u  component  since  in  this  case  ag  and  &0  have 

8 S O 

2w^  frequency.  In  addition,  it  is  shown  in  Sect.  D that  the  mechanical 
gain  through  which  an  output  signal  is  passed  is  a function  of  spin  rate 
U)^.  If  the  spin  rate  varies  with  frequency  2a)^ , the  signal  gain  will 
follow  also  at  2u^.  The  error  induced  by  the  change  in  the  gain  will 
be  inseparable  from  the  gravity  gradient  signal. 

Both  the  mower  reel  and  the  piano  stool  effects  are  candidate 
inechanisms  for  describing  RGG  axial-torsional  coupling  error  and  they 
are  distinguishable  by  their  90  deg  phase  difference  due  to  the  & vs  a 
dependence.  The  validity  of  each  model  and  Importance  of  each  mechanism 
to  RGG  output  error  is  currently  being  evaluated  in  the  laboratory  by 
Hughes.  For  the  remainder  of  this  document,  consideration  of  axial- 
torsional  coupling  error  will  be  limited  to  the  mower  reel  model  due  to 
its  simpler  nature  and  the  fact  that  the  effects  of  the  piano  stool 
model  have  not  yet  been  confirmed. 

B-3  Won-principal  Axis  Spin  and  Mass  Center  Offset. 

The  moment  Imposed  upon  the  RGG  central  pivot  due  to  the  angular 
motion  of  a single  instrument  arm  about  a set  of  axes  skewed  with  respect 
to  arm  principal  axes  and  possessing  a mass  center  offset  c OBy  be 
written  as 

T - r X F . (3.17) 

Equation  (3.17)  is  an  alternate  expression  for  the  first  two  terms  on 
the  right  side  of  the  RGG  output  equation,  (2.20),  with  only  one  arm 
considered.  Assuming  that  the  arm  principal  axes  are  not  coincident 
with  the  sensor  reference  system  basis  vectors  and  furthermore,  assuming 
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that  the  ara  mass  center  is  not  coincident  with  the  origin  of  the  sensor 
reference  system,  (3. 17), may  be  written  In  tensor  notation  as 


T 


I 


U)  + 


-8-1 

U 


X I 


8-1 

Ul 


(3.18) 


Bxpre88lng  I In  a coordinate  system  aligned  to  the  sensor  system  but 
having  an  origin  displaced  to  coincide  with  the  mass  center  of  the 
era,  (3.18)  may  be  written  with  respect  to  the  sensor  frame  as  shown  In 
(3.19),  where  u Is  defined  as  the  time  rate  of  change  of  the  sensor 
reference  system  with  respect  to  the  inertial  reference  system.  The 
vector  p defines  the  position  of  the  arm  mass  center  with  respect  to 
the  sensor  reference  system.  In  (3.19)  it  Is  also  written  with  respect 
to  the  sensor  frame. 


(I 


tv- 


♦ m(p*  ♦ p*) 

V ■ "A 

*as  “ 

V * “"J  ‘ "1* 

-■“A 

V • ■“y. 

V ♦ •<»; 

■«.,  ■ -i^,> 

'■..-‘if* 

'V 

I„4e(pJ-pJ)l 

-'V  - • 

0 

<V*»I».>  -'V 

LU 


* y 


|s»  W 

* s 


p 

f • 


(I 


(3.19) 
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With  (3,15)  written  for  both  the  odd  and  even  sensor  arms,  the  RGG  differ- 
ential output  torque  vector  may  then  be  expressed  as 


i 


The  resultant  output  error  is 


(3.20) 


e„  = AT  • z . (3.21) 

R s 

Two  separate  physical  effects  are  displayed  in  (3.19).  The  first 
is  the  significance  of  arm  principal  axis  system  to  sensor  axis  system 
misalignment  and  origin  displacement.  The  effect  of  mass  center  offset 
is  obvious  in  terms  of  its  contribution  to  sensor  output  torque,  and  the 
origins  of  the  product-of-inertia  terms  will  be  Investigated  in  detail  in 
the  next  section.  The  second  effect  to  be  considered  is  the  nature  of  the 
angular  velocities  and  accelerations.  Due  to  the  i)  terms  of  (3.19,  any 
2u^  frequency  component  associated  with  either  transverse  or  axial  rota- 
tion will  be  transmitted  to  the  output  signal.  Furthermore,  due  to  cross 

coupling  and  second  order  angular  velocity  terms,  lu  and  3io  angular 

s s 

velocity  terms  can  combine  to  form  a 2w^  output  torque  error. 


B-4  Elastic/Spin/Principal  Axis  Misalignment. 

In  order  to  establish  the  nature  of  the  products  of  inertia  of  (3.19) 
the  effects  of  axial  misalignments  upon  one  of  the  two  instrument  arms 
will  now  be  considered.  By  developing  a similar  torque  for  the  second 
arm  and  forming  the  difference,  the  output  torque  can  be  calculated. 

Let  the  principal  axes  of  one  of  the  instrument  arms  be  related  to 
the  sensor  system  spin  reference  axes  according  to  the  relation 


(3.22) 
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Furtheraore,  let  the  spin  reference  system  be  related  to  the  pivot  aligned 
elastic  reference  system  according  to  the  transformation 

V.  “ 

At  any  time  t,  the  arm  angular  momentum  may  be  written,  In  the  elastic 

frame,  as 

“ {^E/s*-S/s^B/bS/s^^E/s  I ^E/s"s  <3.24) 

and  hence 

= -^E/.^s  ^ <3*25) 

where 


0 

1 


-a 


a 


a -a 
y X 


(3.23) 


J = C 


E/s{S/s^B/bS/s  } ^E/s 


(3.26) 


and  ° inertia  tensor  with  respect  to  arm  principal  axes. 


Inertia  matrix  J of  (3.26)  may  be  written  as 


(3.27) 


Expansion  of  the  second  tern  on  the  right  side  of  (3.27)  yields 
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3 = 

'■b/bI* 


(a  t )t  > 

y y y » 


-t  (a  ♦ t )i 

*y  X ‘x  s 


-{o  ♦■*)!* 

y y X X 


t (o  -•'  ( }i 

X X *x  s 


t I - (a  * t )i 
y * y ‘y  x 


-{I  > (a  ♦ t )i 
*x  jr  ' X 'x'  s 


•S‘.  " ^“y  " »y>*.  «x*.  ■ (“x  ^ «,)*y  t,(“,  * ty)>,  - t.K  > t,)l. 


(3.28) 


and 


C„/  .[w] 


'e/ 


s s 


u -aw 

X y z 


w + a w 

y X z 


w + a w -aw 

* y X X y 


= [w^]  + [aw^]  . 


(3.29) 


Based  upon  the  definitions  of  (3.28)  and  (3.29),  (3.25)  may  be  written  as 


I 


^’'am^E  = ^b/b“s  ^ ( V^Vb‘"s 

^ Vb'^s  ■"  (“V^^B/b^°“"s^ 

+ Vb^‘*’s  • 

The  last  ten  terms  on  the  right  side  of  (3.30)  represent  the  error  in  the 
output  torque  vector  due  to  axial  misalignments  amond  the  elastic,  spin, 
and  arm  principal  reference  systems.  They  are  also  the  source  of  the 
product-of-inertia  terms  of  (3.19),  when  (3.19)  is  referenced  to  the  elastic 
rather  than  the  spin  reference  system.  With 


A 


n + 


(3.31) 


where  n is  the  nominal  spin  rate,  and  is  the  spin  rate  perturbation 

from  nominal  about  the  z axis,  the  single  arm  torque  about  the  z 

8 ' E 

-87- 


axis  (elastic  system  z axis),  when  higher  order  terms  in  ^ and  a ore 
neglected,  may  be  written  as  in  (3.32) 


• *1 


(a  I - ti  -t-ai  +€*1)^ 

y s y s y X 'y  x'  a 

♦ (■ai  +11  -ai  - |i)u 
X s B * y y 

•*■(“+  5_  “ a - S )i  w 
y™  *y*  ^ * y ysB 

* ■ *«>  • - >,>  * 


(3.32) 


The  transition  from  single  arm  torque  to  the  output  signal  error 

due  to  axial  misalignments,  €.„>  abvious.  Inspection  of  the  right 

AM 

side  of  (3.28)  Indicates  that  the  second  term  in  brackets  fa  cj  (I  - I ) 

y y X y 

4 a u)  (1  -1)1  is  the  dominant  error  term  in  the  equation  since  it  is 

X X y X ■' 

the  only  term  containing  the  nominal  sensor  spin  rate,  n.  A misalign- 
ment of  the  spin  and  elastic  axes  propagates  linearly  into  the  output 
signal.  Note  that  such  a condition  does  not  exist  for  a principal  axis, 
spin  axis  misalignment.  From  Table  ll-l, 

ly  - = 3.061  X lO"^  kg  m^  . (3.33) 

Furthermore,  from  Reference  AM-1,  the  peak  twice  frequency  component  of 

u or  u)  is 
X y 

= 4.55  X 10*®  rad/sec  (3.34) 

X s n8x 

and 

1 cj^(2u)^l^^^  = 4.55  10  ® rad/sec  (3.35) 

Rewriting  (3.32)  as 

^^AM^B  * “e  " * “y'^y^^^y  ' ‘*’s^  (3.36) 

a worst  case  single  arm  torque  can  be  written  as 
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(3.37) 


■ *E 


2a  U)  (I  - I )n 
X X y X 


when  a and  o are  assumed  to  have  the  same  magnitude  but  opposite  sign 

* y 

and  when  u)  Is  taken  to  be  equal  to  cj  . '^hen,  a worst  case  output  error 
X y 

■ay  be  expressed  as 

h = • <3-38) 

With  n equal  to  the  spin  rate  (110  rad/sec),  this  error  source  will 
exceed  1 EU  output  error  at  2u)^ 

a 5.81  X lo"®  rad  (3.39) 

or 

i 0.012  arcsec  . (3.40) 

This  Is  extremely  precise  alignment  requirement.  Close  attention  will  be 
required  by  this  alignment  during  Instrument  assembly.  Furthermore,  on- 
line Identification  and  compensation  or  correction  will  be  required. 

B-5  Platform/Sensor  Axis  System  Misalignment,  c_„. 

r MA 

Misalignments  between  the  platform  and  sensor  reference  systems  be- 
come Important  In  light  of  platform  Jitter  and  Jitter  compensation  In  the 
RGG  output.  Additionally,  It  will  be  suggested  In  subsequent  chapters 
that  In  order  to  estimate  a set  of  parameters  which  effect  RGG  output,  a 
set  of  known  Inputs  can  be  applied  to  the  sensor  through  platform  excita- 
tion. Since  only  platform  motion  can  be  measured  by  the  platform  Instru- 
mentation, sensor  motion  must  be  Inferred  by  assumption  of  a rigid  mount- 
ing structure  linking  the  RGG  to  the  platform.  The  platform  angular 
velocity  expressed  in  the  platform  reference  system  is 


and  the  small  angle  transformation 


(3.41) 
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■O, 


/po 


1 


<p. 


■<p. 


(3.42) 


related  the  platform  reference  system  to  the  sensor  reference  system  at 
time  aero.  With  the  transformation  from  the  initial  position  to  current 
rotational  position  defined  as 


cos  uj  t sin  Lj  t 0 
s s 


-sin  ui  t cos  t 0 

8 S 


(3.43) 


the  platfDrm  angular  velocity  vector  may  be  expressed  in  sensor  axes 
according  to  (3.40). 


[fi]  = c.c  / [n]  . 

a t so/po  p 


(3.44) 


All  platform  angular  rates,  (n  )p,  are  much  less  than  u , the  sensor 

A.  S 

spin  rate.  Hence,  with  a platform  sensor  misalignment  and  platform  angu- 
lar motion,  the  added  contribution  to  output  torque  error  is 


PMAR 


r-/s<io,p.  * Pi„)  (n,.  - n..) 

♦ 

♦ (ai<oJ  ♦ oj)  . (n^)  . 

♦ «i..  ■>„) 

♦ [»p.p,  - M.,]  <1^  - 


(3.45) 
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The  linear  acceleration  perturbation  due  to  platform/lnstrument  misalign- 
ment may  be  written  as 


(I  <p  a - <p  a I COB  w t 
. I L xp  X zp  J a 

^PI4AL  “ M p - M P K I 

I o"^xo  e xej  I r -|  | 

I m a - cp  a aln  u t 

\ L yp  y *pJ  ■ > 


(3.46) 


-[■ 


M p -*  M p 
o yo  e ye 


I-  <p  a + <P  * ^ 

L yp  y xpj  ■ 

[ffl  a - cp  a I aln  w t 
^z  xp  ^x  zpj  a 


B-6  Sum  Mode  Mismatch  Error 

The  error  sources  developed  thus  far  have,  In  general,  been  based 
upon  assumptions  of  rigid  body  motion.  It  was  pointed  out  In  Ch.  II  that 
the  sensor  output  signal  comes  from  a piezoelectric  crystal  which  measures 
central  pivot  strain  (see  Fig.  II-2).  It  is  therefore  necessary  to  In- 
vestigate the  arm-to-arm  dynamic  behavior  of  the  Instrument  In  response 
to  disturbance  torques. 

Relative  to  the  case,  the  arms  of  the  RGG  (rotating  gravity  gradl- 
ometer)  can  rotate  at  either  of  two  fundamental  frequencies:  (1)  the  sum 
mode.  In  which  the  arms  move  together  with  respect  to  the  case;  and 
(2)  the  difference  mode,  in  which  the  arms  rotate  relative  to  each  other.* 
It  is  the  difference  mode  which  is  excited  by  the  external  gravity  grad- 
ient to  generate  a gradient  output  signal.  In  an  Ideal  sensor,  spin  axis 
disturbance  torques  excite  only  the  sum  mode  motion  which  does  not  cause 
an  error  In  the  output  signal.  However,  asymmetries  In  arm  inertias. 


* 

This  discussion  taken  from  Ames  [AM-2]. 
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as  well  a.s  pivot  damping  and  compliance  differences,  cause  spin  axis 
angular  acceleration  disturbances  to  excite  the  difference  mode. 


The  sensor  model  used  for  sum  mode  mismatch  error  analysis  is  shown 
in  Fig.  1II-3. 


FIG.  111-3  SYSTEM  MODEL  FOR  SUM  MODE  MISMATCH  ERROR 
I»:VELOPMENT 


With  ideal  alignment  between  the  spin  axis  and  sensor  reference  system 
assumed,  and  the  gravity  gradient  signal  neglected,  the  single  axis 
equations  of  motion  for  the  flexible  RGG  are  written  in  (3.47)  through 
(3.49). 


'A  - - hK  - 9c> 


0 (3.47) 

0 (3.48) 

T_,.  (3.49) 

d 


The  tern  I q in  (3.40)  is  the  same  term  which  is  written  as  I ii 
zzo  o zz  z 

in  (3.19).  Note  also  that  by  calculating  the  difference  between  (3.47) 
and  (3.48)  the  equation  for  the  relative  arm  displacement,  («?^  ~ <9^) 

Is  derived.  Assuming  a linear  piezoelectric  effect  for  small  values  of 
9 - 9 , this  is  the  measured  ROC  output  signal. 


Exumlnatlon  of  (3.47)  through  (3.49)  indicates  that  extraction  of  a 

relative  angular  displacement  difference,  (9^  - 9^),  could  be  accomplished 

using  only  the  first  two  of  these  equations  if  the  variable  9 rather 

c 

than  , was  treated  as  the  disturbance  function.  The  three-equation 

approach  to  this  error  was  first  used  by  Hughes  [AM-2]  in  1972.  Since 

one  of  the  instrument  response  frequencies,  P , is  a function  of  case 

o 

Inertia,  1^,  and  since  the  drive  and  drag  uncertainties  can  be  written 
directly  as  disturbance  torques  , the  three-equation  approach  to  this 
error  source  was  used. 

Since  the  gravity  gradient  signal  occurs  at  2u  . and  since  the 

s 

sensor  has  a mechanical  resonance  at  that  frequency,  and  furthermore,  ^ 
since  the  average  spin  rate  is  carefully  controlled,  only  disturbance 
torques  having  2w^  frequency  content  are  significant  if  a sufficiently 
long  data  averaging  time  is  used.  The  frequency  content  of  the  disturb- 
ance torques  can  be  determined  by  harmonic  analysis  for  any  input. 

The  Laplace  transformation  of  (3.47)  through  (3.49)  yields  the  system 
of  (3.50). 

^*o"\  ^ (V  ^ "o^^^o  - ^ S)(®o  - 0^)  = 0 

^zze*\  ^ ^ V^e  • ®o^  ^ (^2®  ^ S)(®e  " ®c)  = ° <3*^° 

The  characteristic  polynomial  for  this  system  is  given  by  (3.51)  as 


. . . ^ - ■ > At 

2ZO  zze  c \ I / \ I / zzo  zze  cl  I 


s < + I I I 
\ zzo  zze  c 


' r.9.ci'  ' r 


®1®2 

III  

zzo  zze  cl  1 
zzo  c 


(3.51) 


+ 11  I - — + 
zzo  zze  cl  I 
^ zzo  zze 


. , . (^) 

zzo  zze  c\I  / \ I / 


or 


1/2  2\  / 2 2\ 


(3.52) 


Equations  (3.53)  through  (3,57)  define  the  collected  terms  of  (3.51) 
which  formed  the  definitions  used  in  (3.52). 


^0®  ^ "o 


D^s  . 


°2"  ^ *^2 


(3.53) 

(3.54) 

(3.55) 


zzo 


21 


1 + 


zzo 


c J 


(3.56) 


zzo 


2K, 


1 + 


(3.57) 


A. 

*^0  ■ I ^ K 

zzo  1 


(3.58) 


The  terms  Q and  Q„  of  (3.52)  are  primarily  functions  of  damping  coeffi- 
P 

cients  D , D , and  D and  are  listed  in  Table  II-l. 

0 1 ^ 

The  relative  rotation  between  the  arms,  be  written  as 

o e 


(9,  - °.>  = ii)(r)  [t^  * S) 

• C L 


(3.59) 


or 


(9, 


1=^)1 


(3.60) 


Examination  of  (3.60)  indicates  that  regardless  of  the  magnitude  and  size 
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of  the  disturbance  torque  , the  RGG  output  due  to  the  sum  mode  mismatch 
error  is  zero  when  the  conditions  of  (3,61)  and  (3,62)  are  satisfied. 


zzo  zze 


(3,61) 


(3,62) 


The  sum  mode  mismatch  error  mechanism  is  completely  described  in  the  La- 
place domain  by  (3,51),  The  error  is  a function  of  the  frequency  of  T^, 
With 


T^  S T sin  fit 
d 


(3,63) 


the  angular  difference  expressed  by  (3,60)  may  be  written 

3I-  [Dj»  , - yi—  [DjS  t K^] 


(9  - 9 ) . f ““ 

c ( 

(s 


zze 


2 2/2  2\  / 2 ^o  2\ 

+ ‘O  (s  + — s + u,  ) \s  + 


(3,64) 


Multiplication  of  both  sides  of  (3.64)  by  and  transformation  back  to 

the  time  domain  yields 


KoTfi 


sM 


( 21a^1  cos 


{^21a  Je 


{ 

-l/Vul 

t/2Q 

COS  - 

'w  t + sin 

1 0 

-&  t/2QP 

+2  A e ° cos^P  t + sin 

V.  ^ 1 ° 'lA 


l(  m^3  \ 

V3'  / 

1/ ^m^5  \ 

\u  1 / 


(3,65) 
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where  the  undamped  forced  term  Is  of  prlmury  Intrrest, 

(A -A). ‘(A -A) 

^ a ^ ZKO  zze'  ' Z20  zze' 


(3.66) 


The  damped  natural  behavior  is  described  by 


X zzo tze  ' ' zzo  zze' 

(•"«>')  " V * ^o)  Xju.  u 


2Q  •'  o o 


(3.67) 


V zzo zze  ' X zaio zze ' 

2 2.  (2  2\/  ^o 

,8  +n  ) ^S  + — 


(3.68) 


& 

(3.69) 

L 4Q  j 

r.  - 

(3,70) 

1 

Equations  (3.61)  through  (3.68)  Indicate  that  differences  In  pivot  damp- 
ing, pivot  compliance,  and  arm  moment  of  inertia  all  contribute  to  an 
error  in  the  R(XJ  output  through  the  sum  mode  error  mechanism.  At  the 
lower  frequencies,  pivot  compliance  and  moment  of  inertia  relationships 
dominate  the  output  error.  As  the  forcing  frequency  increases,  the 
difference  in  pivot  damping  coefficients  contributes  to  the  output  errer 
as  a linear  function  of  the  forcing  frequency.  Near  the  instrument  2uj 
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signal  frequency,  the  dominant  contributor  to  the  sum  mode  mismatch 
error  continues  to  be  pivot  compliance  related.  The  damping  coefficient 
contribution  to  RGG  output  error  is  small  compared  to  the  contribution 
from  the  pivot  compliance  terms  for  frequencies  below  1000  rad/sec. 
Nominal  values  for  pivot  compliance  are  specified  In  Table  II-l.  It  is 
necessary  that  [K  /l  - K /l  ] be  minimized  in  order  to  minimize 

^ 1 7<ZO  Z 

RGG  output  error  due  to  sum  mode  mismatch  at  the  2u;  signal  frequency. 
Close  manufacturing  tolerances  will  be  required  regarding  pivot  as  well 
as  arm  symmetry. 


B-7  Arm  Anisoelastic  Error  Torque, 

The  elastic  nature  of  the  proof  mass  arms  produces  a differential 
torque  about  z^  which,  for  a single  arm,  may  be  written  as 


T = r X F . 


(3.77) 


If  Ir  is  due  to  the  elastic  strain  in  the  arm  induced  by 


= [F  • #3  X F , 


(3.72) 


where  F is  an  inertia  force,  and  t is  the  arm  compliance  tensor.  In 
terms  of  odd  and  even  arm  mass,  compliance,  and  acceleration 


Then 


= M [a  .]  X a - M [n  4'  ,]  X 
o'-  i ij  o o e"-  i IJ  e 


(3.73) 


(3.74) 


or,  in  terms  of  arm  mass,  compliance  tensor,  platform  accelerations,  and 
Instrument  rotation  angle  0, 


^nr'^22^o  ■ 


“'*^22^  e| 


i[a  “ (a  -g)  sin  20 

yp  xp  ' 

+(a  -g)a  cos  20 
xp  y 


(3.75) 


* - “>12)  J 


-2(a  -g)a  sin  20 
' ' xp  yp 


The  instrument  spin  axis  is  assumed  normal  to  the  local  gravity  vector 
g in  (3.75). 


B-8  Spin/Elastic  Axis  Displacement 

The  effect  of  spin/elastic  axis  angular  misalignment  upon  the  RGG 
output  error  was  considered  in  Sect.  B-4.  A general  representation  of 
spin/elastic  axis  non-H:oincidence  requires  that  the  elastic  axis  be 
displaced  from  the  spin  axis  as  well  as  rotated  with  respect  to  it. 

The  case  of  general  non-coincidence  is  shown  in  Fig.  III-4.  In  the  gen- 
eral case  of  non-coincidence,  no  point  which  lies  along  the  pivot  elastic 
axis  also  lies  along  the  spin  axis.  The  general  case  of  non-coincidence 
can,  to  first  order,  be  separated  into  two  error  forms: 

(1)  The  case  where  the  origin  of  the  spin  and  elastic  reference 
systems  are  coincident  but  where  one  system  Is  rotated  about 
a small  angle  vector  x with  respect  to  the  other.  This 
case  was  treated  in  Sect.  B-4; 

(2)  The  case  where  the  elastic  axis  is  parallel  to  but  displaced 
from  the  spin  axis.  This  case  is  treated  here. 

Consider  the  end  view  of  the  RGG  low  compliance  pivot  shown  in  Fig.  III-5. 
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FIG.  I I 1-4  GENERAL  CASE  OF  NON-COINCIDENCE  BETWEEN  THE  SENSOR 

SPIN  AND  ELASTIC  AXES. 


FIG.  III-5  END  VIEW  OF  RGG  CENTRAL  PIVOT  SHOWING  PARALUEL  BUT  DIS 
DISPLACED  SPIN  (zs)  AND  ELASTIC  (Zr.)  AXES. 


In  sensor  axes,  the  differential  output  torque  due  to  linear  motion 


— - p 

be  written  as 

[AT]^ 

= (r  X F ) - (r  X F ) 

os  o es  e 

or 

(ATI. 

= ll(r  Xa)-M(r  Xa^) 

o'  os  o e es  e 

With  the  assumption 

that 

a = a 

o e 

(AT). 

= (Mr  -Mr  )xa. 

o os  e es 

Similarly,  In  the  elastic  reference  system. 

(ATI, 

= (“o^oE  - “e^E^^  “ • 

Using  Fig.  II1-5, 

[Ml,  = 

- ^'es)  - “e^%s  ■ ’^Es^^  “ 

or 

[ATlj  - 

[Mr 

O 08 

Ves^  ^ - “e"Es^  ^ 

In  terms  of  ^ (3.82)  may  be  written 

tol],  = (Ml.  - («.  - X.lrj.  ^ . 

or 

■At]j.  » [AT]^  - (AM)rj.^  X a . 

In  matrix  form,  (3,84)  Is 


may 

(3.76) 

(3.77) 

(3.78) 

(3.79) 

(3.80) 

(3.81) 

(3.82) 

(3.83) 

(3.84) 
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[AT]j 


[A(MpJ 

[A(llp^) 


■ W"P.>  - (**■)■•£.»'“, 

<‘*>''e..J“z  - W^Px*  - <^)'-E.xl"x 

<'^>'E,x>*r  ' W“Py)  - <“>'-Esy>“, 


(3.85) 


Th«  (Z)M)rgg  terms  In  the  third  component  of  (3.85)  represent  the  effect 
of  splii/elastic  axis  displacement  on  RGG  output  due  to  linear  Instrument 
excitation 


The  effect  of  non-prlnclpal  axis  spin  and  mass  center  offset  Is  con- 
sidered In  Sect.  B-3.  Examination  of  (3.19)  Indicates  that  the  form  of 
that  error  equation  will  not  be  altered  due  to  redefinition  of  the  mass 
center  terms  (from  sensor  to  the  displaced  elastic  reference  system). 
Linear  displacement  of  the  elastic  and  spin  will  have  no  effect  on  the 
form  of  (3.5).  However,  the  numerical  values  of  the  A(Moj^Pj)  terms  will 
be  altered. 


C.  DIFFERENTIAL  TORQUE  OUTPUT  ERROR  SUMMARY 

The  contribution  of  each  of  the  error  sources  discussed  in  Sect. 

B to  the  (signal  frequency)  output  torque  Is  presented  in  Table 

I1I-2.  Physical  and  operational  summptlons  required  for  the  analysis  are 
listed  in  Table  III-l. 
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Table  IIl-l 


SENSOR  ERROR  ANALYSIS  INPOT  DATA 


Parameter 

Magnitude 

Units 

Arm-to-Arm  Inertial  Ratio  Error 

l.O  X lo”^ 

% 

Arm  Mass  Center  Displacement 

3.0  X lo"® 

m 

Pivot  Compliance  Mismatch 

2.0  X 10° 

% 

Pivot  Damping  Ratio  Mismatch 

2.0  X lo”^ 

% 

Spin  Motor  Torque  Error  at  2u) 

s 

2.5  X lo"® 

N m 

Sensor/ P Vatform  Misalignment 

5.0  X 10^ 

urad/axls 

Elastlc/Spln  Principal  Axis 

Misalignment 

5.0  X 10 

u rad/axls 

Maximum  Linear  Acceleration  Error 

1.0  X 10~^ 

g 

Maximum  x,  or  y^  Angular  Accel- 

1.0  X 10“^ 

rad/sec^ 

rad /sec 

erometer  Error 

Maximum  x^  or  y^  Angular  Rate  Error 

4.5  X 10~® 

Spin  Rate  Error 

2.0  X lo"^ 

rad /sec 

Table  1II-2  is  a listing  of  worat  case  effects  of  the  various  dyn- 
amics related  error  sources  upon  the  2u)^  senaor  output  signal.  Numer- 
ical values  used  as  Input  for  the  analysis  were  taken,  when  available, 
from  manufacturing  tolerances  [AM-1,  AM-2].  The  results  of  Table  III-2 
Indicate  that  an  Instrument  built  to  the  currently  specified  tolerances 
will  not  achieve  sub-  1 EU  performance.  These  manufacturing  errors 


-102- 


i 


f 


represent  state  of  the  art  assembly  techniques.  It  is  apparent  that 
error  compensation  will  be  required.  Two  forms  of  compensation  are 
svallsble;  numerical  output  correction  and  active  parameter  control. 
Both  techniques  are  considered  in  subsequent  chapters. 


Table  III-2 

DYNAMICALLY  INDUCED  ERRORS  AT  2u) 

s 


Error  Source 
I EU  Torque  Level 

Spin  Axis  Angular  Acceleration  (rigid  body) 

Transverse  Angular  Acceleration 

Transverse  Angular  Velocity 

Mass  Center  Error  (rotation) 

Mass  Center  Error  (linear  acceleration) 

Sum  Mode  Mismatch 

Platform  Instrument  Misalignment 
(linear  acceleration) 

Platform, Instrument  Misalignment 

Elastic/ Prlncipal/Spln  Axis  M/A: 

Spin  Axis  Angular  Acceleration 
Transverse  Angular  Velocity 

Anlso«!lasticlty 


Output  Torque  Magnitude 
(N  m) 


3,56  X 10 


=T2- 


1.57  X 10 


-9 


3.65  X 10 


-11 


3.65  X 10 


-13 


3.40  X 10 


-13 


3.13  X 10 


-11 


1.37  X 10 


-8 


7.80  X 10 


-iS 


2.00  X 10 


-15 


8.90  X 10“^^ 
3.06  X 10~® 

8.55  X 10~^ 


Chapter  IV 


DEVELOPNtENT  OF  PARAMETERS  FOR  ESTIMATION 


A.  INTRODUCTION 

The  errors  discussed  in  Chapter  III  represent  all  known  RGG  dyn- 
amically induced  error  sources.  They  were  introduced  separately  in 
that  chapter  to  provide  an  intuitive  Justification  for  their  inclu- 
sion in  the  error  equation.  In  this  chapter,  a unified  approach  to  the 
kinematically  Induced  error  equation  is  developed.  A quasi-steady 
error  model  is  derived  for  low  frequency  inputs  which  is  used  in  Chapter 
VI  for  parameter  identification. 

The  errors  which  arise  in  RGG  output  are  the  result  of  manufactur- 
ing and  assembly  imperfections.  By  developing  a model  of  instrument 
output  as  a function  of  dynamic  input,  it  is  possible  to  estimate 
(or  identify)  the  Imperfect  instrument  parameters  through  input-output 
relationships.  If  it  is  subsequently  possible  to  "trim"  the  parameters 
to  some  desired  values,  the  quality  of  the  output  signal  can  be  improved. 


B.  ERROR  EQUATION  DEVELOPMENT 

A schematic  drawing  of  the  Hughes  RGG  is  shown  in  Fig,  IV-1.  Under 
ideal  conditions,  the  elastic  axis  e coincides  with  the  spin  axis  s 
so  that  the  vector  u is  zero.  The  angular  velocity  of  the  odd  arm 
with  respect  to  an  inertial  reference  frame  may  be  written  as 


-*o-l  -rf)-r  -»r-c  -rf-1 


(4.1) 


The  terms  on  the  right  side  of  (4.1)  represent  arm  motion  relative  to 
the  rotor  (0,9,  etc.),  rotor  motion  relative  to  the  case  (spin),  and 
case  motion  relative  to  Inertial  space  (Jitter  or  programmed  input). 
The  equation  of  motion  for  the  odd  arm  may  be  written  as 


srilN 


A 

e 


ELASTIC 

AXIS 


ROTOR 


FIG.  IV-1  SCHEMATIC  DRAWING  OF  HUGHES  ROTATING  GRAVITY 
GRADIOMETER. 


I • u + w X I 
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w =T-inrxff-[raR.“] 
o o oo  o o o 
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o o 


Sso^ 


n 

R 


(4.2) 


Equation  4.2  Is  the  odd  arm  Euler  equation.  The  left  side  of  the  equa- 
tion reorcaents  the  time  rate  of  change  of  arm  angular  momentum  with 
respect  to  inertial  space.  The  first  term  on  the  right  represents  the 
applied  torques,  e.g.,  torques  due  to  gravity  and  springs.  The  second 
term  on  the  right  side  of  (4.2)  represents  torques  due  to  arm  linear 
acceleration  and  mass  center  offset.  The  third  represents  torques  due 
to  arm  compliance  and  linear  acceleration.  The  fourth  term  on  the  right 


side  ot  (4.2)  represents  acceleration-torsional  coupling  compliance. 

The  tensor  R >s  assumed  diagonal.  T is  expanded  in  (4.3). 

yso  o 


T 

o 


-[K-0®"*'  + K 0°“®]e  + T + T . 

1 o go  do 


(4.3) 


The  first  term  Is  the  result  of  pivot  elasticity;  the  second  term  the 
result  of  gravity  acting  on  the  arm;  and  the  third  term  is  due  to 
disturbance  torques.  T represents  the  torques  exerted  on  the  odd  arm 

BO 

by  the  gravity  gradient. 

Expanding  (4.2), 


o 'S 

o-r  o-r  _ . o-r 
I*U)  4’U) 
o o 


o o . 

X r *"“0  o-i, 
T ••  I • Loj  + u)  J 
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r-c.  c-i 


+ X I . 
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(4.4) 


inn  n 
-mr  x[R+p+e  + rj 
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r J 1 II  = n 
•[m  R . J X m R - • R . 
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The  vectors  u,  e,  and  r are  fixed  within  the  odd  arm  reference  frame. 
Hence , 


(p  + e + r ) 
' o o 


0-1  „ 0-1  r 0-1  T 

u)  X r + u)  x[u)  X r J 
o o 


v , , , 

+00*"  x(p  + e^)+  w**  x[u)*'  x(n  + e^)  ] 


(4.5) 


and  (4,4)  may  be  rewritten  as 


1 . S*"  ♦ u*-'  X 1 . uT*  ♦ u®"'  X I . X 1 . u®-' 

O O P 0 


♦ x(S®”^  X r)  + ■0%  x[u®  *"  x(u”  *"  x r^)  ] 


(4.6) 


♦ %%  X[w®”'  x(w*‘”‘  X r^)]  ♦ x (u*""'  x r^)  ] 


*■“1  «“*■ 


where 
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a = R - g . 
o 


(4.8) 


In  the  odd  arm  elastic  reference  frame 


o-r 

U) 

= [0> 

o 

•CD 

o' 

[0o]  , 

(4.9) 

r-c 

U) 

= [^2,’ 

^2* 
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c-i 

u) 

II 

3 

3 

A 

[u.]  , 

(4.11) 

where  w is  tho  nominal  spin  rate.  Equation  4.10  is  an  expression  of 

s 

the  spin  rate  in  odd  arm  elastic  axes.  The  first  and  second  components 
are  the  result  of  the  misalignment  between  the  spin  and  elastic  axes. 
Using  the  definitions  of  (4.9)  to  (4.11),  and  with 


[Aj  = [w]  + [w  ] , 


(4.12) 


(4.6)  may  be  written  as 


I . e +0  XI  *9 

o o o o 


+ 0x1  •A  + AxI„*9 
o o 


(4.13) 


Siailarly,  the  right  side  of  (4.6)  may  be  written  as 
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Rearranging  terms  and  substituting  the  dot  product  identity  for  the  vector 
triple  product  yields 


= T - Axl  • h - 1 'A-mr  xa 
o o o o o 

-[m  a.ijiJxma-K  .a 
o o o Ybo 

-m^(ro-ro)0  - n,^[(r^-  r^)A  - (r^.A)r^] 

(p  + e^)]A  - (r^.  A)(p  + e)  ] 

• *'«)0  - m r x(A  • r )A 
oo  o oo' 


Substituting  (4,3)  and  (4.15)  into  (4.13),  and  moving  the  9,  0,  and  0 
dependeit  terms  to  the  left  side  of  the  equation  yields 
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o o o o o YSo 

-m  (r  • r )A  + m (r  • A)r 
o o o o o ^ o 


■“o^'o  ‘ *o^  + ni^(  - A)(u  + e^) 

'Vo  • *'o^A  - -n^r^  X[A  . (p  + e^)  ]A 
*"o'‘o  ^^A  • A)(m  + ej  . 


(4.16) 


-109- 


with 


/ 


A ..  = A ..  + m(r  •r)9  + mr  x[(A*r)9l  + K 9°  ^ 


odd 


odd  o o o 


o o 


(4.17) 


(4.16)  nay  be  written  as 


|I  + m(r  •r)]9  + 5xl  • & 
o ooo  o 


+ 0x1  "A  + AxI  • 9 
o o 


> = -V°'"^^dd 


(4.18) 


Neglf-ct'.ng  the  term  in  (4,18)  which  is  nonlinear  in  9 (it  will  be  2nd  order 
small),  and  taking  the  component  of  (4.18)  along  e yields  the  scalar 
output  axis  torque  equation  as  given  in  (4.19). 


[I  ‘ m r ]9  + [A  X I - I • A x e]  . e©  + K_0 
ooo  oo  1 


^o-e  ^ 

-K-0  ^ A . . . e 

0 odd 


(4.19) 


I + m(r  • r ) =J 
o o o o o 


(4.20) 


e*[Axi  -1  •AXe-mr(A»r)xe]  = B 
OO  oo  o o 


(4.21) 


B 0 K,0 

6 + -2-  * 

J J 
o o 


K_9°‘®  A . . 

0 odd 

+ . e 


(4.22) 


With  definitions  (4.20)  and  (4.21),  (4.19)  may  be  rewritten  as  (4.22), 
In  the  Li  place  domain,  (4.22)  may  be  written  as 


\2  B Sl.-r 


A ^ 


(4.23) 


-no- 


and  hence 


o-e 


(4.24) 


Following  an  identical  development  for  ^ , the  change  in  orientation 

of  the  even  arm  with  respect  to  the  rotor  may  be  expressed  as 


Since 


0 


o-e 


} 


(4.25) 


(4.26) 


(4.24)  and  (4.25)  can  be  combined  to  yield 


1 + 


“A 


“A 


2 V N 

o o 


2 ®e®  S 

e o 


9°'^s) 


) e.A  (l/j  ) 

odd o ^en'  e' 


2 B s K „ B s K • 
, O 1 2 e 2 

® ^1-^T  " 


(4.27) 


Letting  s 


approach  zero  to  form  a steady  state  expression  for 


.o-e 


or 


,o-e 


1 + ^ 
Ki  K3 


e • A 


odd 


e • A 


even 


(4.28) 
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(4.29) 


Equation  4.29  is  the  equation  which  relates  the  steady  state  rotation 
of  one  sensor  arm  with  respect  to  the  other.  For  small  strains,  It  is 
linearly  related  to  the  piezoelectric  crystal  output  signal  and  Is,  with 
minor  modifications,  the  sensor  signal  equation  used  for  this  analysis. 
Mote  that  for  an  Instrument  which  Is  Ideally  tuned,  the  second  term  In 
braces  on  the  right  side  of  (4,29)  reduces  simply  to  fA  - A ).  The 
steady  state  approximation  Is  used  In  Ch.  VI  as  the  basis  for  parameter 
Identification.  The  Input  frequencies  for  which  this  approximation  Is 
valid  are  discussed  In  Sect.  IV-D. 

B. 1 Output  Equation  Simplification 

In  order  to  write  (4.29)  In  a form  which  could  be  used  to  develop 
a method  of  parameter  estimation,  three  simplifying  assumptions  were  made. 
These  assumptions  did  not  significantly  alter  the  form  of  (4.29),  nor 
did  they  alter  the  approach  to  parameter  estimation.  The  assumptions 
which  were  made  are; 

1.  The  coefficient  fl  K [l  + (K  ,K)  + (K  /K_)l  which  appears 

on  the  right  side  of  (4.29)  was  assumed  constant.  The  remaining 
term  Is  the  effective  torque  which  produces  the  output  signal. 
With  the  additional  assumption  of  a linear  relationship  between 
differential  toique  and  transducer  output,  this  torque  Is  pro- 
portional to  the  output  expressed  In  (4.29)  and  can  be  referred 

to  as  the  sensor  output  without  altering  component  relative 
magnitudes.  Compliance  tuning,  l.e.,  matching  and  Is 

discussed  In  Ch.  VI; 

2.  The  disturbance  torque  terms  T^  and  T.  were  negligible. 

do  de 

The  arms  of  the  RGG  are  case-enclosed.  Random  disturbance 
torques  acting  upon  the  Individual  arms  can  be  expected  to 
be  constrained  to  relatively  low  magnitude  by  adjusting  the 
test  signal  level.  Systematic  but  non-dynamics  related  torques 

could  occur  at  the  2u^  frequency.  Due  to  high  Instrument  Q 
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K 


(gain  near  2ui  ) it  Is  necessary  that  test  signals  be  constrained 
s 

to  relatively  low  frequency.  Thermal  and  magnetic  gradients, 
which  were  not  included  within  this  study  could  contribute  to 
the  Instrument  output  at  the  signal  frequency.  Unexplained 
error  sources  encountered  during  hardware  testing  should  be 
evaluated  with  acknowledgment  given  to  these  unmodeled  sources; 

3.  The  sensor  spin  and  elastic  axes  are  coincident.  This  assump- 
tion simplifies  the  definition  of  the  OEP  but  does  not  reduce 
the  number  of  them.  The  distinction  between  these  two  axes 
Is  Included  in  Sect.  B-2  where  the  significance  of  the  assump- 
tion Is  discussed. 

Given  the  above  assumptions, 


11 

[0,  0,  of 

to,  0, 

"’xo-  “yo’ 

Substitution  of  these  definitions  in  (4.15)  yields 


(4.30) 

(4.31) 

(4.32) 


A e 
odd 


-[I  - m P P ]co  - [I  -m  P P ]u) 

xzo  o xo  zo  X yzo  o yo  zo  y 


(4.33) 


-[I  +m  (P^  + P^  )]w  - [I  -m  P P ](u)^  - J^) 

zzo  o'  xo  yo' ^ z '■  xyo  o xo  yo''  x y' 

“P^)]u)U)  - [l  -mP  P ]u)u) 

xxo  yyo  o xo  yo  x y yzo  o yo  zo  x z 

+ [l  -m  P P ]w  uj  - mP  a + mP  a - K a 
xzo  o xo  zo  y z o xo  y o yo  x YSo  z 

2/  \ 2 
o ’^110  ’^220'  X y 0^130  y z 


•*  2 2 2 

3 “inUf  (a  — a) 
0^230  X ■ 0^120'  y x'^ 


With 
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Atlij  - - ^ijo  ■ (k^)  *ije 

K 

* “o^no^po  ( Kg ) 

A(»P^)  ^ - (ir)'"e^le 


(4.34) 


n P P 
e ne  pe 


A(«%i  ) ^ , 


(4.33) 


(4.36) 


i/Kj 

Kg  de 

J 

‘'o  •'o 

^ K J 

A[I  “bP  P ]« 

'*  XZ  X Z X 


(4.37) 


+ A(I  -mPyP  ]u) 

y*  * y 

+ A(I  +m(P^  + P^)  ]u 
zz  X y'  z 

+ A[I  -bP  P ](w^  - 
^ xy  X y ' X y 

+ A[(I  -I  )+m(P^  -P^)]uu) 
XX  yy'  ' X y X y 


+ A[I  -bP  P ]u)  oj 
yz  y X X z 


- A[I  “bP  P ]uj  uj 
xz  X z y z 


+ A[BP^]ay  - A[BPy]a^  + 


+ A[b 

+ A[B\3]ay«^  - A[«%g3]  a^a^ 
+ ALB^ijfjgKay  - a^) 
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1 


The  disturbance  torques  T and  T,  discussed  In  assumption  2 

do  de 

appear  in  (4,37).  The  torques  effecting  the  odd  arm  will  be  equal  to 
those  acting  on  the  even  arm.  Hence,  for  an  Ideally  tuned  Instrument, 
this  error  does  go  to  zero.  This  error  Is  critical  to  definition  of 
compliance  matching  requirements.  Note  also  that  the  gravity  gradient 
terms  have  been  omitted  from  (4.37). 

Upon  elimination  of  the  disturbance  torque  terms  and  multiplica- 
tion of  both  sides  of  (4.37)  by  K^,  the  low  compliance  pivot  stiffness, 
differential  output  torque  error  equation  (4.38)  is  formed.  This  was  the 
equation  used  to  define  the  parameters  to  be  identified  and  controlled. 

In  subsequent  chapters.  It  is  shown  that  estimation  of  these  parameters 
can  be  mechanized  as  an  online  process.  These  estimates  are  used  as  a 
feedback  command  to  control  (correct)  the  parameters. 


’'O  *^0 


A[I  -mP  P ]w  + A[I  -mP  P ]u) 
xz  xz  x yz  y z y 

+ A[I  +m{P^+P^)]w  + A[I  -mP  P 

zz  X y z xy  X y X y 

+ A[(I  -I  )+  m(p^-P^)]i*j  uj  + A[I  -mP  P ](aj  w 
XX  yy  xy  xy  yz  yzxz 


- A[l  -mP  P ]u)  w + A[mP  ]a  -A[mP  ]a  + A[K  ]a 
xz  xz  yz  x y yx  YSz 


(4.38) 


aT  2,  T,  2 2. 

+ A[ni 


The  coefficients  of  the  dynamic  forcing  terms  in  (4,38)  are  defined  as 
the  Output  Effective  Parameters  (OEPs).  These  are  the  terms  which  bring 
about  errors  in  the  RGG  output  signal.  In  order  to  drive  the  error  torque, 

0,  to  zero  It  is  only  necessary  to  force  the  OEPs  to  zero.  It  is  not 
required  that  the  Individual  physical  parameters  such  as  I , , etc.  be 

X Z Z 

driven  to  nominal  values.  Alternatively,  If  all  the  OEPs  can  be  Identified, 

If  all  the  dynamic  forcing  terms  are  known  exactly,  and  If  the  error 
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equation  contains  all  significant  error  terms,  the  RGG  output  can  be 
compensated  numerically  without  active  control.  The  output  effective 
parameters  which  result  from  (4.38)  are  listed  In  Table  IV-1. 

Table  lV-1 

OVTPUT  EFFECTIVE  PARAMETERS  FOR  THE  CASE  WHERE  SPIN/ELASTIC 
AXIS  MISALIGNMENTS 


Paramatar 

— 

Oaflnltloi^ 

Typical 

Valua 

d{l,a  - -0,0,) 

10-*  a<  .* 

lO"*  h«  •* 

♦ b(oJ  ♦ o*)J 

lO”’  k(  ■* 

'4 

' uy  n y * 

10-*  -* 

A(1  - I ♦ *<0*  - 0*)] 

yy  9M  *^y  * 

a.ia  a lo'^  a* 

% 

r«  y ■ * 

10-*  IC 

-lo"*  k«  a* 

'll 

A(Mo,) 

lo"*  kg  a 

lo“*  kg  a 

'l3 

lo"*  kg  a 

'l4 

-♦„)] 

.5  a 10-*  V : 

'l» 

AOI*  Tj,) 

4«  10*“k.»5 

'l. 

A(«*4„) 

. . 

'it 

» K 10'*'kg>  5 

Note  fror.1  Table  IV-1  that  P , P , and  P are  undefined.  In  addition, 

o 9 V 

note  that  P and  P and  P and  P are  the  same  parameters.  P and  P.. 

b 2 7 1 6 7 

were  defined  so  as  to  provide  a completely  consistent  method  for  formulat- 
ing the  OEPs  with  respect  to  the  separate  dynamic  terms  of  (4.36).  Each 
separate  d)niamlc  forcing  term  was  associated  with  a separate  OEP.  These 
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12 


OEPs  become  distinct  when  the  elastic  and  spin  axes  are  non-coincident, 

as  in  Sect.  B-2.  In  the  analyses  of  (4.38)  which  follow  P and  P were 

6 7 

replaced  by  and  P^  during  the  processess  of  parameter  identification 

and  control. 

B-2  2 

Output  equation  (4.38)  was  based  upon  the  assumption  of  sensor  spin 
axis  and  elastic  axis  coincidence.  It  is  likely  that  these  misalignments 
can  be  held,  during  manufacturing,  to  less  than  25  prad  (5  arcsec).  It 
is  not  likely,  however,  that  the  instrument  can  be  assembled  with  these 
misalignments  constrained  to  less  than  the  0.012  arcsec  per  axis  re- 
quired for  1 E.U.  operation  (Sect.  III-B-4).  Even  if  such  manufacturing 
tolerances  were  achievable,  they  could  not  be  expected  to  be  stable  within 
the  RGG  dynamic  environment. 

The  effect  of  spin/elastic  axis  misalignment  on  RGG  as  a function 
of  angular  acceleration  and  angular  velocity  was  considered  in  Sect. 
III-B-4.  These  were  the  major  contributors  to  RGG  output  due  to  spin/ 
elastic  axis  misalignment.  Consider  the  linear  acceleration  induced 
output  torque  errors.  For  the  case  where  no  spin/elastic  axis  misalign- 
ment exists,  using  assumption  1 of  Sect.  IV-B-1,  the  contribution  to  RGG 
output  due  to  platform  linear  acceleration  ap  is 


spin  to  the  elastic  reference  system,  defined  by  (3.9),  (4.40) 

may  be  written.  In  the  elastic  reference  system,  as 


1 0 -Xy  A(mpy)a^  - A(inp^)ay 

[ATjj.  = 0 1 A(mp^)a^  - A(mp^)a^ 

Xy  -X^  1 A(mp^)ay  - A(mpy)o^ 


(4.41) 


and  the  z^.  RGG  output  term  is 


f Xy[A(mpy)a^  - A(mp^)a^] 


(4.42) 


- X^[A(mp  )a  - A(mp  )a  ] . 

A Z X A A 

Hence,  with  higher  order  terms  neglected,  spln/clastlc  axis  misalignment 
does  not  effect  the  linear  acceleration,  mass  center  RGG  error  terms.  A 
similar  development  for  the  RGG  compliance  related  terms  yields  the  same 
conclusion.  Therefore,  the  only  first  order  effects  of  spin/elastic 
axis  misalignment  on  RGG  error  output  occur  due  to  sensor  angular  accel- 
eration and  angular  velocity.  Equation  3.18  may  be  written  in  terms  of 
an  Incremental  output  torque  as 


’ *E 


(4.43) 


f-A(5  I ) + X AI  }w 

t N’Sy  yy'  ^y  xX  X 

+ {A(^  I ) - X AI  }u) 

'•  xx'  '•x  yy  y 


-t  fA(E  I )-A(p  I )]oJ  + X A(I  -I  )iA)  w 

'^x  XX  ^y  yy  z '^y  xx  yy  y z 

- xA(1  -I  )u)U)  + {a(  I I ) - A(|  I )]w  ,0  . 

XX  yy  X z "x  xx  y yy  x y 


With  spln/elastic  axis  misalignments  Included,  (4.44)  replaced  (4.38)  iis 
the  RGG  output  signal  error  equation.  Comparison  of  (4.38)  and  (4.44) 
indicates  changes  only  In  paranu’ters  I,  2,  6,  and  7,  When  the  spln/elnstic 


I 


misalignment  Is  included,  the  equalities  which  existed  among  these  para- 
meters under  conditions  of  spin, elastic  axis  coincidence  are  eliminated. 
Table  IV-2  lists  a comparison  of  parameters  I,  2,  6,  and  7 under  condi- 
tions of  principal  axis  coincidence  and  non-colncldence  with  the  misalign- 
ment anglei  x both  taken  to  be  25  prad. 


1*0  0 
^ IT  ^ F" 
'^2 


(A[I  -mpp]oxAI 

xa  '^x'^z  XX  X 

• 

+ {A[l  - mp  p ] - X AI  )u) 
yz  z '^x  yy  y 

+ (A[I  - in(p^  + p^) 

zz  ^x  ^y  z 

+ {A[I  - mp  p ](u)^  - J^) 

xy  '^x^y  X y 

+ (A[(I  - I )+m(p^  - p^))cj  u) 

XX  yy  ^y  x y 

+ {A[l  -mpp[-xA(l  -I  ))u)tJ 

yz  '^y'^z  X XX  yy  x z 

- (A[I  - mp  p ] - X A(I  -I  ))u)  w 

xz  "^x^z  y XX  yy  y z 

+ A(mp^)ay  - A(mp^)a^  + A(K,,^,,)a 


y X 


'YS' “z 


> A[m 

2 2 

+ A[m  i*f^ 


(4.44) 


Equations  4.38  and  4.44  are  Identical  except  for  the  required  change 

In  definitions  of  P, , P , P , and  P . For  purposes  of  simplification, 
i 2 6 7 

the  anal>ses  which  follow  treat  (4.38)  as  the  RGG  error  equation.  The 
approach  to  be  used  for  OEP  estimation  is  the  same  for  (4.38)  and  (4.44), 
although  an  additional  forcing  term  Is  needed.  Use  of  (4.38)  substan- 
tially reduces  the  complexity  of  the  algebra  appearing  in  subsequent  dis- 
cussions without  altering  either  the  approach  taken  to  OEP  estimation  or 
estimator  performance. 
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Table  IV-2 


COMPARISON  OF  OEP  \miCH  CHANGE  WHEN  SPIN/ELASTIC  AXIS  MIS- 
ALIGNMENTS BECOME  NON-ZERO.  (x  = 25  urad) 


Parameter 

N amber 

Definition 

Approximate 

Spin/Elastic 

Coincidence 

Value 

, 2, 

(kg  m ) 

Approximate 

Spin/Elastic 

Noncoincidence 

Value 

(kg  m^) 

A[l  -mp  p ] + X AI 

XZ  '^X^Z  '■X  XX 

io-« 

10-^ 

P, 

A[I.  -rap  p ] - X AI 

io-» 

I0-" 

yz  ■ y z x yy 

Pg 

A[I  -mp  p ] - X A[I  -I 

] 

io-« 

10-" 

yz  • y z X XX  yy 

P- 

A[l  -mp  p 1 - X A[I  -I 

] 

10-« 

10-^ 

7 

L 

XZ  ' X’  z ' y XX  yy 

C.  INPUT  FOR  PARAMETER  IDEOTIFICATION 

Equation  4.38  Is  a general  expression  for  the  RGG  output  error  equa- 
tion. If  the  right  side  of  (4.38)  is  zero,  and  if  pivot  compliances 

K,  and  K„.  as  well  as  arm  inertias  I and  I are  identical,  a 

I 2 zzo  zze 

perfect  gravity  gradient  signal  results.  Inspection  of  (4.38)  indicates 
two  ways  in  which  the  error  torque  can  be  driven  to  zero. 

(1)  All  parameter  error  terms,  such  as  A(  I - mp  p ) can  be 

driven  to  zero;  ^ * 

(2)  All  instrument  dynamic  terms  which  are  nominally  zero,  such  as 

u and  a , can  be  driven  to  zero. 

X y ’ 

If  the  RGG  is  instrumented  in  such  a way  so  that  all  dynamic:  terms 
i.e.,  u)  , a , etc.,  of  (4.38)  can  be  measured,  it  is  conceivable  that 

* y 

all  the  various  parameters  which  appear  in  (4,38)  can  be  estimated.  A 
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well  established  approach  to  parameter  estimation  is  to  provide  relatively 
large  inputs  to  the  system  containing  the  unknown  parameters.  By  measur- 
ing both  the  input  and  system  output,  it  is  often  possible  to  establish 
the  system  transfer  function  and  hence  the  system  parameters.  There  are 
numerous  advantages  to  the  selection  of  sinusoidal  forcing  functions  to 
serve  as  the  inputs.  Two  of  the  primary  advantages  of  the  sinusoid  are 
limited  peak  magnitude  and  known  spectral  content.  Reid  [RE-1]  has  shown 
that  for  certain  systems,  sinusoidal  inputs  are  optimal  in  terms  of 
minimizing  the  errors  associated  with  system  parameter  identification. 

No  attempt  has  been  made  during  this  research  to  optimize  the  inputs  used 
for  OEP  identification. 

C— 1 Measurement  of  Sensor  Dynamics 

It  is  impractical  to  measure  RGG  arm  angular  velocities  and  accel- 
erations. It  is  possible,  however,  to  rigidly  mount  the  RGG  to  an  iner- 
tlally  instrumented  platform  as  shown  in  Fig,  IV-2.  The  platform  is 
assumed  to  be  vibration  isolated  from  its  support  as  well  as  gimballed 
so  that  it  can  respond  to  torquer  input.  Three  axes  of  platform  angular 
velocity,  angular  acceleration,  and  linear  acceleration  are  sensed  by 
gyros  and  accelerometers.  Case  angular  velocity  and  angular  orientation 
about  the  spin  axis  are  measured.  The  only  degree  of  sensor  freedom 
with  respect  to  the  platform  is  about  the  spin  axis.  Since  case  angular 
orientation  is  known,  all  platform  dynamics  can  be  transformed  to  the 
sensor  reference  system. 

C-2  Parameter  Identification  Input  Selection 

The  nominal  inputs  selected  for  RGG  parameter  identification  are 
listed  ir  (4. 45)  through  (4.48) 


w 

xp 

= n sln(v  t) 

X X 

(4,45) 

a 

XP 

= sln(a^t) 

(4.46) 

a 

zp 

= sln(a^t) 

(4.47) 

’'d 

» T sln(ut)  . 

(4.48) 

-121- 

FIG.  IV-li  SCHEMATIC  DIAGRAM  OF  HUGHES'  RGG  (ROTATING  GRAVITY  GRADIOMETER 
TEST  BED  SYSTEM. 


No  other  platform  angular  velocities  or  accelerations  are  intentionally 
excited  and  the  platform  is  vibration  isolated.  Hence,  all  other  plat- 
form dynamic  conditions  are  nominally  zero.  Accelerometers  and  gyros, 
rigidly  mounted  to  the  inertial  platform,  measure  the  dynamics  actually 
induced  by  the  platform  torquers. 

The  rotor  torque  represents  an  input  which  alters  the  sensor 

spin  rate  by  approximately  10  rad/sec.  The  actual  value  of  (L^  will 
be  measured  using  either  angular  accelerometers  or  rate  differentiation. 

The  peak  magnitude  of  the  angular  acceleration  will  be  approximately 
[T/(l^  + The  frequency  is  of  greater  significance  with  respect 

to  parameter  identification. 

All  input  signals  should  be  precisely  calibrated  prior  to  initia- 
tion of  the  estimation  sequence. 

Consideration  of  the  actual  values  of  v , a . Cl  . and  Q is  deferred 
to  Sect.  F, 


D.  ERROR  EQUATION  WITH  SPECIFIED  INPUTS 


Given  the  platform  and  sensor  dynamics  as 
) , and  \i 
specified  by 


(4.48),  and  with  the  transformation  C , (to 

S/P 


specified  by  (4.45)  through 
sensor*  from  platform  system) 


cos  6 sin  9 0 

-sin  9 cos  9 0 


0 


e=/co  dt 

S 


(4.49) 


the  error,  g,  in  sensor  output  may  be  written  as  shown  in  (4.50).  This 
equation  expresses  the  error  in  sensor  output  in  the  sensor  reference  frame. 


The  reference  systems  are  defined  in  Ch,  II,  D-2,  The  spin  axis  and 
elastic  axis  are  assumed  coincident  as  per  Ch.  IV,  B-1. 


-123- 


The  parameters  P were  dettnecl  in  Table  IV-1. 

3 


1 ^ 

o 


- p.n  V co»r(v 

2 1 X X X 


♦ »*■.  „ 

3 sP 


* * ilnfcv^  - u^)t]  | 


♦ j ■ cos[2(w^  t <i)^)t]| 

•♦  I sln[2(v^  + “,)i]  - •ln[2(v'^  - u^)t  ] J 

♦ Pj  X cos  nt  ♦ Pge‘^“*^‘*’*cos  2uj^t  + P^ge"^®‘>/*‘*e^*co8  e^jt 

, A A 3 

♦ COs(u^  - C08(a^  ♦ (J^)t  > 


i A]|  Aw  3 

,ig  cos  ID  t - — Sin(a  + ui  )t  + — sln(u  - a )t  > 
82  xs2  sxj 


■♦  P,  -A  sin  a t 
13  s z 


(4.50) 


A^  A3 

■—  sln[2((J^  i 2 

^ |cos[2u^  + a^]t  - cos  [(2u)^  - 0^)t]  j 


A A^ 

-i-p/sln[(a  4 0 ■¥  u )t ) + sln[(u  - O - O )t)  \ 

/ **S  sxs  \ 

♦ P,*<  \ - xinfco  - O 4 w )t]  - slnfCu)  4 0 -a)t]/ 

40  XXS  •ZX  ' 

^(cos[(0^  4 U)^)t]  - cos[Cu  - Ct^)t]^ 

^ \ s s / 

’’a  A 

-4-^ /cos  [(a  + a 4 w )t]  - cosfCa  - o 4 w )tj  \ 

4 1 XES-*  ‘xza-'l 

. p V cos  [(o  4 0 - U)  )t  ] 4 cos  [(U)  4 0 - O )t]  / , 

' xzs^  ^szxW) 

*-j^^sln[(0^  4 w^)t]  - sln[(0J^  - a^)t]  J 

(aa^cos  [ZCCt^  4 u^)t]  4 cos  [2(0^  - w^)t]  j 
» - Oglt]  - sln[(2u.^  - a^)t]j  > 


2 A^ 

(f  * ~2'^  cos  2u)^t 
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Table  IV-3  lists  the  various  frequencies  associated  with  the  differ- 
ent OEPs. 

Table  IV-3 

OUTPUT  FREQUENCIES  ASSOCIATED  WITH  THE 
OUTPUT  EFFECTIVE  PARAMETERS 


25- 


Examination  of  the  frequencies  associated  with  P^,  P^,  Pg,  and  P^  indicates 
that  only  two  frequencies,  i “re  associated  with  the  four  para- 

meters. Given  the  parameter  definitions  of  (4.44),  these  frequencies 
would  not  be  adequate  for  estimation  of  all  four  parameters.  If  (4,44) 
were  used  as  the  error  equation  it  would  be  sufficient  to  provide  an 
(jj  input  as  well  as  w . This  additional  Input  would  allow  separa- 

yp  xp 

bility  and  identif iabil ity  of  all  four  (P  P P P ) parameters.  The 

12  6 7 

additional  input  would  also  substantially  complicate  (4.50)  in  terms  of 
trigonometric  functions  but  would  not  change  the  overall  nature  of  the 
equation. 


E.  PARAMETER  INDEPENDENCE 

Not  all  17  OEPs  must  be  individually  estimated.  Of  the  seven  para- 
meters associated  with  angular  velocity  and  acceleration  in  (4,38),  only 
P through  P,  are  independent, 

Pg  H (4.51) 


While  9 independent  parameters  would  intuitively  be  associated  with  mo- 
ment of  inertia  components  and  mass  center  offsets,  two  of  the  inertia 
tensor  components,  I^^  and  appear  only  in  P^,  while  cross 

products  appear  only  with  corresponding  mass  center  offsets.  Therefore, 
of  the  9 parameters  only  5 are  independent  in  terms  of  the  OEP;  whereas 
for  (4,44),  7 OEPs  are  independent. 

A similar  situation  exists  with  regard  to  the  elasticity  tensor. 

Of  the  six  independent  components  of  this  tensor,  five  would  be  expected 
to  contribute  to  differential  torques  about  the  sensor  z axis  (^,,, 
would  not).  However,  and  i; 22  “PP®®*"  only  as  a difference  in  P^^ 

reducing  the  number  of  independent  OEP  associated  with  arm  elasticity  to 
four. 
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With  respect  to  (4,38),  of  the  14  listed  OEPs,  only  12  are  Independ- 
ent . 


F.  SENSOR  INPUT- TO- OUTPUT  TRANSFER  FUNCTION 

A simplified  model  for  the  sensor  Input-to— output  transfer  function, 
consisting  only  of  a constant  gain,  was  presented  In  Fig.  II-5.  The  arm 
relative  displacement  equation,  (4.29),  was  based  upon  the  assumption 
that  high  frequency  arm  dynamics  could  be  neglected,  yielding  a steady 
state  relative  deflection  between  the  two  arms.  Iii  order  to  establish 
the  Input  frequencies  at  which  (4,29)  is  a valid  approximation  to  RGG 
output.  It  is  necessary  to  consider  in  mor  detail  the  RGG  Input-to-output 
relationship.  A block  diagram  which  traces  the  flow  of  an  input  through 
the  sensor  is  given  In  Fig.  IV-3, 


FIG.  IV-3  INPUT-TO-OUTPUT  DIFFERENTIAL  TORQUE  FLOW 

The  ideal  position  for  differential  torque  plckoff  is  at  (Fig.  IV-3). 
It  Is  not  possible  to  make  the  measurement  at  , however,  since  It  is 

the  mechanism  of  the  arm  relative  motion  which  brings  about  a signal  from 
the  sensor.  The  differential  torque  signal  Is  first  available  at  , 
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after  it  has  been  mechanically  filtered  by  the  central  pivot  structure. 
It  is  therefore  necessary  to  consider  the  effect  of  the  arm  dynamics 
transfer  function  upon  the  input-output  relationship.  With  0^  defined 
as  the  central  pivot  twist,  the  input-output  relationship  across  the  arm 
dynamics  transfer  function  may  be  expressed,  as  shown  in  IV-B,  by 


0(8)  = —2 At(s) 

^ Js  bs  4-  k 

or 

' 5 ^ 

‘ 

n n 

where 


2Ju) 


Finally,  if  ATft)  has  the  form 

AT(t)  = At  cos  ut 
m 


(4.53) 


(4.54) 


(4.55) 

(4.56) 


(4.57) 


then  the  output  0^(t)  has  the  form 

e (t)  = 6 cos(u)t  + \tf)  . 

p m 


(4.58) 


Following  Cannon  [CA-l],  the  output-input  magnitude  ratio  a,  where 


a 


e 

A m 

“ AT yk 


may  be  written  as 


a 


+ 


(4.59) 


(4.60) 
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where 


^ ^ U) 

0 = 

Ui 

n 


(4.61) 


Furthermore,  the  phase  angle  •i/  is 


'If  = -tan 


■‘[5] 


(4.62) 


Hughes  has  specified  the  differential  mode  quality  factor  Q to  be  300. 
The  actual  mechanical  Q us  greater  thatn  300  but  is  reduced  to  this 
value  by  loading  the  piezoelectric  crystal.  This  very  careful  trim  of 
the  mechanical  gain  is  carried  out  to  assure  accurate  knowledge  of  Q. 
Since 


^ 2Q  > 


(4.63) 


the  differential  mode  damping  ratio  is  0.00167.  Plots  of  OC  (4.60), 
and  ^ (4,61)  for  this  second  order  system  appear  in  Figs.  IV-4  and  IV-5 

respectively.  Examination  of  those  figures  indicates  that  only  at  very 
low  forcing  frequencies  is  the  output/input  ratio  near  1.  Instrument 
operation  to  an  accuracy  better  than  1 E.U.  in  the  presence  of  a 
3000  E.U,  signal  requires  that 


a - 1 5 0,0001 


(4.64) 


for  which 


U)  < 2.2  rad/sec  . 


(4.65) 


In  order  that  the  phase  angle  ^ be  less  than  10  rad. 


u)  s 6.5  rad/sec. 


(4.66) 


Consider  an  ideal  instrument  mounted  such  that  its  spin  axis  is 
horizontal,  and  Its  reference  direction  aligned  with  the  principal  grad- 
ient direction.  If  the  instrument  is  perfect,  the  gravity  gradient 
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FIG.  IV-4  reAK  OUTPUT-TO- INPUT  AMPLITUDE  RATIO  FOR  DIFFERENTIAL  MODE 


FIG.  IV-5  DIFFERENTIAL  MODE  PHASE  ANGLE  RELATING  I NPUT-TO- OUTPUT 


iitput  torque,  AT  can  be  expressed  as 

AT  = G co8(wt) 

gg 

where 

G = 3000  EU 

u)  = twice  the  actual  instrument  spin  rate. 

Furthermore,  the  instrument  output  can  be  written 

AT  I = OCX  cos(wt  + \|f)  (4.70) 

gg  o 


(4.67) 

(4.68) 

(4.69) 


where  a and  ^ are  transfer  function  gain,  and  phase  respectively.  The 
spin  rate  is  nominally  half  the  resonant  frequency,  The  transfer 

function  gain  is  nominally  equal  to  Q and  the  nominal  phase  angle 
-90  degrees.  For  a non-nomlnal  spin  rate,  (uj/2)  does  not  equal  (u)^/2). 

The  error  tj.  t**®  torque  signal  may  be  written,  with  higher  order  terms 
in  neglected,  as 


GQ{^  - l)cos(ojt  + t)  - QOA'lf  8in(wt  + \tr)  , 


(4.71) 


The  in-uhrse  component,  c, 

C = “ l}cos(u)t  + ')').  (4. '(2) 

With  G tiken  to  be  the  gravity  gradient,  3000  SU,  the  peak  error  in 
Instrument  in-phase  output  signal  ( e, ) less  than  1 EU  for 

X R18X 

Q 1g(2  - l)l  < jsin  il  . (4.73) 

Plots  of  Q{G(a/Q  - D)  and  sin  as  functions  of  (lo/w^)  are  given  In 
Fig.  IV-5.  Examination  of  Fig.  lV-6  indicates  that  the  error  associated 
with  the  ill-phase  portion  of  the  signal  remains  below  1 EU  for 

|l  _ ^1  < 4 X lo"*  . (4.74) 

It 


-132- 


2 


Since  the  gradloroeter  uses  phase  sensitive  demodulation  for  gradient  signal 
detection,  it  is  also  necessary  to  consider  the  quadrature  component  of  the 
output  signal.  The  quadrature  error  gets  interpreted  as  an  error  in  the 
gradient  principal  direction  in  the  plane  of  spin.  For  this  component,  a 
1 EU  error  requires  that 


1 EU 

= 3000  EU  cos(\;f) 

(4.75) 

or 

cos  ) 

= 3.333  X 10“^  . 

(4.76) 

Hence , 

♦ 

= 89.981  deg. 

(4.77) 

and 

p - 1 

= 5.555  X 10~^  . 

(4.78) 

Comparison  of 

(4.75)  and 

(4.78)  shows  that  it 

is  the  accuracy  of  quadrature 

component  detection  which  dictates  the  accuracy  to  which  spin  rate  must  be 
controlled. 


F-1  RGG  Spin  Rate  Selection 

According  to  the  development  of  Ch.  HI,  B-6,  the  difference  mode 
natural  frequency,  may  be  written  as 


2 

U) 

n 


(4.79) 


Using  the  data  of  Table  H-l, 


cj  = 220.412929  rad/sec 

n 


(4.80) 


or 


w = 35.079807  Hz. 

n 


(4.81) 


Sensor  spin  rate  is  not  sot  at  i u)  , but  rather  to  the  value  of  u)  such 

r n 
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0 


(4.82) 


Selection  of  w such  that  (4.80)  is  satisfied  minimizes  the  effect  which 
s 

small  perturbations  in  sensor  spin  rate  have  upon  sensor  gain.  From  (4.60) 


^ + (2|P)^]  C(-4P)(1-P^)+8£^P}  (4.83) 


and  from  (4.80), 


P = (1  - 25^) 


(4.84) 


P = 9.9999  444  X 10 


(4.85) 


2u)  = Bu) 

s n 


from  which  the  nominal  spin  rate  is  found  to  be 


tjg  = 110.205  85  rad/sec 


(4.86) 


17,539806  Hz 


(4.87) 


2u)^  = 35.079612  Hz  . 


(4.88) 


Note  that  this  spin  rate  results  in  a phase  angle  ^ equal  to 


K -89,809  deg 


(4.89) 


instead  of  the  -90  deg  phase  angle  associated  with  spin  at  the  instru- 
ment natural  frequency.  This  difference  in-phase  angle  must  be  taken  into 
account  during  signal  detection.  The  allowable  spin  rate  for  1 EU  per- 
formance is,  using  (4,78)  and  (4.86) 
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i 110.20591  rad/sec 


(4.90) 


110.20578  s:  w 

s 

G.  EFFECT  OF  FREQUENCY  CONSIDERATIONS  ON 
PARAMETER  1DENTIFICATIC»J  INPUT 

The  ability  to  provide  a known,  calibrated  input  to  a system  can  aid 
significantly  towards  identification  of  parameters  associated  with  that 
system.  Error  equation  (4.38)  which  was  developed  for  the  RGG  was  based 
upon  a quasi-steady  state  relationship  between  the  instrument  arms.  In 
order  for  the  effect  of  arm-to-arm  dynamics  to  be  negligible  to  within 
0.01%  it  will  be  necessary  to  constrain  the  forcing  frequencies  associated 
with  parameter  identification  such  that  the  output  frequency  of  interest 
is  less  than  2.2  rad/sec.  An  alternate  approach  to  satisfaction  of  this 
constraint  is  to  account  for  the  phase  angle  and  magnitude  gain  by  deter- 
ministically scaling  the  demodulated  sensor  output  and  by  accounting  for  the 
phase  lag  within  the  estimation  software.  The  magnitude  gain  and  phase 
angle  curves  are  both  deterministic  quantities  which  can  be  calculated 
during  preassembly  test.  This  approach  to  the  arm  dynamics  problem  elim- 
inates the  frequency  restriction  mentioned  above.  In  this  document  it  was 
assumed  that  the  software  approach  was  taken  to  account  for  arm  dynamics 
although  specific  reference  to  phase  angle  and  scaling  has  not  been  in- 
cluded. 


Ji  A COMMENT  ON  PARAMETER  IDENTIFIABILITY 

Independent  of  the  method  ultimately  selected  for  parameter  identifi- 
cation, it  is  necessary  that  the  RGG  output  torque  at  of  Fig.  IV-2 

contain  information  at  enough  different  frequencies  such  that  each  inde- 
pendent WiP  can  be  tagged  to  a specific,  separate  frequency  and  phase. 
Parameter  identlf lability  or  observability  has  been  thoroughly  investi- 
gated and  is  discussed  in  Chapter  VI, 
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Chapter  V 


OUTPUT  EFFECTIVE  PARA^^ETER  (OEP)  ESTIMATION  USING 
PARALLEL  KAUIAN  FILTERS  AND  PHASE  SENSITIVE  SIGNAL 
DEMODULATION  (PSSD) 


A.  INTRODUCTION 

Output  compensation  for  the  rotatitig  gravity  gradiometer  (RGG)  can 
theoretically  be  achieved  either  with  active  parameter  control  or  with 
numerical  compensation  of  the  Instrument's  output  signal.  Signal  com- 
pensation minimizes  the  amount  of  hardware  required  within  a system  for 
parameter  control.  In  addition,  the  study  of  signal  compensation  tech- 
niques provides  Insight  to  methods  of  active  parameter  control  if  such 
methods  are  required. 

The  estimation  of  parameters  associated  with  a physical  system  is  a 
problem  which  has,  over  the  last  decade,  received  considerable  attention, 
although  the  linear  problem  was  first  posed  and  solved  by  Gauss  in  the 
nineteenth  century.  The  Gauss  least  square  error  solution  [G-1],  [LI-l], 
[BR-1],  Is  currently  widely  applied  as  a method  of  parameter  estimation 
for  systems  which  are  linear  in  the  estimated  parameters. 

The  Kalman  filter,  using  state  augmentation  [BR-1],  [BR-2] , has 
also  been  used  to  estimate  parameters.  A direct  approach  to  Kalman  filter 
state  augmentation  for  OEP  (output  effective  parameters)  estimation 
was  considered  but  was  found  to  be  unacceptable.  System  nonlinearity  and 
the  subsequent  necessity  for  model  linearization  about  some  set  of  pre- 
determined nominal  values  requires  calculation  of  both  the  nominal  and 
perturbed  states  for  the  linearized  Kalman  filter.  The  size  of  the  system 
(26  states  for  the  filter),  the  frequencies  associated  with  the  dynamics 
(up  to  35  Hz),  and  the  need  for  real  time  or  near  real  time  filter 
operation  prohibited  simple  state  augmentation. 


1 
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Another  commonly  used  approach  to  parameter  estimation  when  the 
parameter  Is  associated  with  a sl^nul  of  known  frequency  is  that  of  phase 
sensitive  sli^nal  demodulation  (PSSD),  When  the  signal  of  interest 
occurs  at  a known  frequency,  synchronous  demoduc lation  attenuates  all 
signal  frequencies  except  the  frequency  of  Interest,  PSSD  Improves  the 
s igna l-to-noise  ratio  in  proportion  to  the  amount  of  time  allowed  for 
signal  averaging.  One  can  speculate,  however,  as  to  whether  Kalman 
filtering  could  provide  better  estimates  of  the  OEP  than  could  be  ob- 
tained from  PSSD,  The  goal  of  this  chapter  is  to  establish  the  capabili- 
ties of  the  Kalman  filter  as  an  OEP  estimator  and  to  compare  this  per- 
formance with  that  of  a PSSD, 


B,  PARALLEL  FILTER  FORMULATION — P^ , P„  ESTIMATION 

A Kalman  filter  solution  was  ultimately  developed  which  circumvented 
the  system  nonlinearity  problem.  This  formulation  consists  of  two  inde- 
pendent recursive  filters  which  operate  in  parallel.  The  first  estimates 
platform  related  states  and  parameters  (the  rate  or  acceleration  filter), 
while  the  second  (the  torque  filter)  estimates  sensor  differential  out- 
put torques  occurring  at  a specified  frequency.  The  estimates  generated 
by  the  two  independent  filters  are  then  mathematically  combined  to  yield 
an  estimate  of  a particular  OEP,  Parallel  filters  were  defined  and  eval- 
uated for  estimation  of  P^^ , P^,  ^^4’  ^17'  sampling  spanned 

the  various  classes  of  output  torque  error  sources.  An  example  of  this 
parameter  identification  method  is  given  in  Sect,  B,  The  OPTSYS  digital 
computer  program  was  used  to  evaluate  filter  performance  [BR-3], 

As  written  in  Eq,  (4,38),  the  total  RGG  spin  axis  differential  output 
torque  is 


/'T 

7. 


(jjP  + u)P  + wu)P 
x 1 y 2 X z 2 


w to  P 
y 


1 


+ • • • 


(5,1) 


Comparison  of  (5.1)  with  (4,38)  shows  that  P^  and  have  been  replaced 

by  -P^  and  P^  as  discussed  in  Sect.  IV-E. 
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The  selection  of  sinusoi(JaI  platform  Inputs  for  OEP  estimation  was 
briefly  discussed  in  Sect.  IV;C-2.  Since  the  parameters  are  multiplica- 
tively  associated  with  the  dynamic  states  [as  shown  in  (5.1)],  it  is  possi- 
ble to  enhance  the  relative  contribution  of  any  particular  parameter  to 
the  total  differential  torque  output,  ^^2.’  providing  the  proper 

excitations  to  the  platform.  If,  by  contrast,  a dynamic  state  remains 
zero  for  all  time,  the  associated  parameter  remains  unidentifiable. 

Sine  wave  platform  inputs  were  selected  because  of  the  advantageous 
properties  discussed  by  Reid  [RE-1].  In  addition,  sinusoids  are  easily 
handled  analytically,  and  allow  a direct  comparison  between  the  Kalman 
filter  approach  to  parameter  estimation  and  parameter  estimation  using 
phase  sensitive  demoduc lat ion . 

The  sinusoidal  platform  input  command  was  taken  to  be  the  zero  phase 
reference.  Subsequent  shifts  in  phase  between  the  reference  and  the  actual 
platform  input  were  combined  into  the  single  phase  angle  c . With  a 

X 

known  sinusoidal  input  about  the  platform  Xp  axis  having  magnitude  , 
and  frequency  v^,  such  that 

w = fi  stn[v  t + cp  ] , (5.2) 

xp  X X X 

where  Cp^  is  a constant  phase  angle,  the  RGG  differential  torque 
output  Z^T^  may  be  written  in  functional  form  as 


AT 


AT  (t,  V , 
z ’ X 


P P P P P ) 
1’  2’  3’  4’  *^5' 


(5.3) 


No  platform  inputs  other  than  u are  provided.  The  phase  angle  cp 

xp  X 

is,  by  definition,  zero,  if  the  input  about  x is  initiated  at  the 

^ A.  ^ 

instant  of  x and  x coincidence. 

P s 

If  sufficient  filtering  is  applied  to  the  torque  signal  output  such 
that  all  frequencies  other  than  v ^ ^ are  negligible,  output  equa- 

tion (4.44)  becomes 


1 -Vi  Hi 

)'4-3r 


1 2 


— p Q ^ cosjt-  + U)  t)  ] 
2lxx  X—  s 


(5.4) 


•i  ■ 3in[(.^-w^)tj) 


The  coefficient 


( -VS  ) 


Is  taken  to  be  known  exactly.  It  Is  a constant  and  Is  discussed  In  Ch,  VI. 
Under  this  restriction,  (5.4)  becomes,  with  the  coefficient  taken  to  be  1, 


AT  = — P ii  V [cos[(w  +ui  )t]  + cos[v  -w  )tj}  (5.5) 

z 2 1 X x"-  X s X s 

■■5  ^ ‘ sln[(v  -U)  )t]}  + V 

X9  XS 


where  v Is  taken  to  be  the  noise  in  the  measured  signal  AT^.  Time 

/S 

zero  Is  defined  to  be  the  time  at  which  the  sensor  x^  axis  lies  in  the 
platform  x - z plane.  The  measurement  vectors  [z]^  and  [z  used 
In  filter  development  are  defined  according  to  (5.f>)  through  (5.10). 


[z  ] = II  sln(v  t+ffi  ) + V platform  rate  about  (5.6) 

ir  X XX  ^ 


the  X axis 
P 


] = Vt+'P  +v„ 

2-’r  X 2r 


platform  phase  angle  (5.7) 


[*  ] = U)  +v 

3 r s 3r 


sensor  spin  rate 


(5.8) 
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(5.9) 


V cosf  ( V +UI  ) t 

X X s 

V sln[  ( V +(jJ  ) t 

X X s 


^<Px3 


Differential  out- 
put torque  at 
(v  +w  ) rad/sec 

X 8 


V 


It  ’ 

n 


P — V cos[(v  -oj  )t  + cp  ] Differential  out-  (5.10) 
* X s X torque  at 


+ P2  f ^“^x^ 


( V + uj  ) rad/sec 

X 8 


+ V 


2t  * 


The  platform  rate  measurement,  obtained  from  a gyro  which 

is  mounted  upon  the  platform.  The  platform  phase  angle  measurement,  z 

2r 

is  available  from  either  the  controller  which  is  forcing  the  platform  or 
the  gyro.  The  sensor  spin  rate  measurement,  ^2r’  obtained  by  differ- 

entiation of  the  eight  discrete  rotor  position  pickoff  signals.  The 
torque  measurements,  and  Zgj  > obtained  by  passing  the  torque 

of  (5,5)  through  two  separate  notch  filters,  one  passing  frequency 
(Vx  + ) 1 the  other  passing  frequency  (Vx  “ phase  lag  asso- 

ciated with  the  notches  is  assumed  to  be  small,  known,  and  constant.  The 
notches  arc  assumed  to  exist  within  digital  software  and  act  as  prefilters 
on  the  measured  RGG  data. 


The  filters  which  were  formulated  were  designed  to  require  minimum 
computation  time,  having  the  form  of  simple  oscillators.  No  hardware 
dynamics  such  as  arm-to-arm  relative  motion  were  modeled.  The  filters 
act  primarily  to  the  effects  of  random  noise  upon  RGG  output. 


B-1  Rate  I'ilter  Formulation 

The  rate  filter  state  vector  [x ] is  defined  as 


T A “ * 

[x]  » [n  sln(v^t-Kp  ),  n C08(v^t-Hp  ),  cp  , U)  ] . (5.11) 

X XXX  xxxs 

The  objective  of  the  rate  filter  is  to  provide  an  estimate  of  the  plat- 
form rate  which  is  more  accurate  than  the  estimate  of  rate  which  is 
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contained  in  the  gyro  measurement.  The  information  provided  by  this  filter 
will  subsequently  be  combined  with  the  output  of  the  torque  filter  to 
provide  estimates  of  and  P^. 

The  equation  of  motion  for  the  state  vector  of  (5.11)  may  be  written 


0 V 


-V  0 

X 


I 0 0 


1 0 0 


0 10 


0 0 1 


where  the  vector  (w)  represents  system  process  noise  with 


sCw^]  = 0 


6[w  »']  = Q *(t)  = 

r r r 


0 q. 


0 q. 


The  obser/ation  vector  is  defined  as 


z„  - V t 

2r  X 


10  0 0 


0 0 10 


0 0 0 1 


+ [v^] 


(5.12) 


(5.13) 


(5.14) 


(5.15) 
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where 


and 


S[v^]  = 0 (5,16) 


Using  this  model  for  platform  motion,  a filter  was  formulated  and  the 
steady  state  filter  covariance  levels  evaluated.  The  evaluation  was 
based  upon  the  numerical  data  appearing  in  Table  V-1. 


Table  V-1 

STATISTICAL  VALUES  USED  FOR  RATE  FILTER  PERFORMANCE 
EVALUATION 


Nominal  operational  values  are  listed  In  equations  (5.18)  through  (5,20), 


U) 

8 

a 110  rad/sec 

(5.18) 

V 

X 

= 10  rad/sec 

(5.19) 

- 

-5  , 

a 10  rad/sec  . 
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(5.20) 

The  only  observation  noise  considered  for  this  analysis  was  based  upon 

16  bit  A/D  conversion.  Input  command  10  disturbance  noise  level  was 

based  upon  16  bit  torque  command  quantization  and  a platform  Inertia  of 
2 

100  kg  IT  , Phase  angle  lo  level  assumed  a 1 nano  sec  random  variation 
in  command  Issuance.  Spin  rate  random  variation  was  taken  from  the  spin 
rate  control  requirements  developed  in  Ch.  IV;D.  The  steady  state 
estimate  error  variance  levels  associated  with  this  rate  filter  were 
calculated  using  the  OPTSYS  computer  program.  These  variances  are  listed 
in  Table  V-2. 


Table  V-2 

STEADY  STATE  RATE  FILTER  PERFORMANCE 


Using  the  data  of  Table  V-2  it  Is  straiglitf orward  to  show  that 

= 0 (0.21) 

and  that,  with  v t known  exactly. 

’ X ’ 

= s[x^j  + rIx^]  + n^s[x|]  (5.22) 

or 

= 2.84  X 10  rad^/sec^  . (5.23) 
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B-2  Torque  Filter  Formulation 


The  torque  filter  is  used  to  smooth  the  measurements  of  differential 
output  torque  after  the  torque  signal  has  been  passed  through  two  parallel 
notch  filters.  These  filters  provide  two  separate  torque  measurements, 
one  having  frequency  (cj  + v ) and  the  other  having  frequency  (u  - V ). 

S X S X 

A diagram  of  this  method  of  this  method  of  signal  determination  is  given 
in  Fig.  V-1.  Recall  from  (5.5)  that  the  frequencies  af®  those 

associated  with  the  P and  P contribution  to  the  output  torque  error 

1 M 

when  the  platform  is  excited  with  a sinusoidal  rate  input. about  the  5c 

p 

axis,  and  has  known  frequency  V^.  The  torque  filter  is  a four  state 
filter  having  as  its  states: 


’‘l  = i Vx  ■ *’2  (5.24) 

’‘3  “ 1 “x\  ‘’iH^^Vs^'-^x^  ^ *^2  sin[(v^-u)^)t4<p^]}  (5.26) 

^ i ■ ‘*2  (5.27) 


DIFFERENTIAL 
OUTPUT  TORQUE 
SIGNAL.  T, 


DIGITAL  NOTCH 
FILTER  PASSINQ 
ONLY!'*'  +>') 

S X 


T + •' ) 
Z S X 


DIGITAL  NOTCH 

FILTER  PASSING 

ONL't  (w  -1') 

s X 


T («*'  - 
z s 


»« ) 
X 


FIG^  V-1  SCHEMATIC  MODEL  OF  TORQUE  FILTER  MEASUREMENT  GENERATION 
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The  state  corresponds  to  the  high  frequency  output  torque  described 

in  measurement  equation  (5.9),  while  corresponds  to  the  low  frequency 

output  torque  described  by  measurement  equation  (5,10).  Using  the  defini- 


tions of  (5.28) 


Q ■ ^ n V 
* * X 


V u 

X • 


r « V. 


(5.28) 


the  torque  filter  state  vector  mny  be  written  as 


*l  “ - OPg  sln[&t  + 

* OPj  sin[pt  + + ctPg  cos[|3t  + 

*3  » OPj  cosCrt  + <Pjj]  + OtPj  + (p^ 
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From  (3.29)  and  (3.30)  it  Is  clear  that  states  1 and  2 are  completely 
decoupled  from  states  3 and  4,  and  these  pairs  could  be  treated  separalmiy 
The  resultant  torque  filter  Is  a pair  of  uncoupled,  constant  coefficient 
oscillators,  one  of  which  Is  related  to  the  high  frequency  torque,  the 
other  to  the  low  frequency  torque.  Torque  filter  performance  was  evalu- 
ated using  the  OPTSYS  program.  Process  and  measurement  noise  of  lo 
levels  which  were  input  to  the  program  are  listed  In  Table  V-3. 


Table  V-3 

STATISTICAL  VALUES  APPLIED  FOR  TORQUE  FILTER  EVALUATION 


Variable 

Typical  Value  For 
Relevant  State 

Noise  lo  Level 

.^-11 

-13  , 

'*'lt’  *'2t 

10  (N  m) 

10  N ra/sec 

-11  . 

-16  . 

''if  ''2t 

10  (N  m) 

10  N m 

Process  noise  was  specified  by  assuming  0.01%  Input  randomness  about  the 
Input  signal.  Measurement  noise  was  specified  by  assuming  16  bit  A/D 
conversion  of  the  differential  output  torque.  Torque  filter  state  esti- 
mate error  variances  are  listed  In  Table  V-4. 


Table  V-4 

STEADY  STATE  TORQUE  FILTER  PERFORMANCE 


State 

Estimate  Error  Variance 
(N  m)^ 

. -31 

*1 

1.41  X 10 

. -31 

1.50  X 10 

-31 

*3 

1.41  X 10 

-31 

*4 

1.32  X 10 
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B-3  Parameter  Estimation 


For  any  given  time  t,  the  state  estimates  produced  by  the  rate 
and  torque  filters  can  be  combined  to  provide  an  estimate  of  the  parameters 
and  P^.  To  extract  these  estimates,  let  z be  the  torque  filter 
state  vector  for  some  specific  time  t.  Then  at  time  t, 


- n 

/V 

*1 

a cos(pt'+<p^) 

-a  sln(0t-+iy^) 

A* 

*2 

3 

a sin(Bt+^^) 

a cos(0t4^^) 

*3 

>S 

a cos(rt+^^) 

q:  sin(-irt-Kp^) 

a sin(Yt+flp  ) 

-a  cos(irt-Kp^j 

(5.33) 


Equation  (3.33)  is  decomposed  to  provide  two  estimates  of  [P^,  ^2^’ 
The  first  of  these  decompositions  may  be  written 


i cos  (4  ) 

i V^f)^  8ln(4) 


sin(4) 
i cos  (4) 


A 

p. 


(5,34) 


where  a has  been  replaced  according  to  (5.28),  and 

^ ^ ^ A\  ^ 

% = . 

Equation  (5.34)  may  he  simplified  to 


I V n 

® X 


cos 

4 

-sin 

A 

sin 

% 

cos 

(5.35) 


(5.36) 
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k 


A ^ 


V,0  [A] 


(5.37) 


It  is  clear  that 

cJl'*  . 


and  hence 


A 

B 

At 

A 

P 

- Atitf 

V n 

*1 

r_ 

2 

X 

2 

(5.38) 


(5.39) 


Furthermore , 


(5.40) 


From  (5,39)  and  (5.40),  when  higher  order  terms  are  neglected,  and 


P 


^ P 


P 


(5.41) 


where 


and 


A S 


A 


A ^ 

= z 


z 


Hence, 


(5.42) 


(5.43) 

(5.44) 
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(5.45) 


S[P]  = [0] 


2x1 


and 


5[PP^]  = 5Zp  = sjA^[zz^]A  + A^(zz^)Aj  . (5.46) 


Equation  (5.46)  can  be  expanded  to 


«[PP’'] 


" (tt) 

' If  V * 


■m 


r,a  2 - -2  2 ! . _ 2 _ , _2  , _ . 2 

^11*1**’U*12*1*2  ^ *12*2  • •ll*22*l^u“22‘“l2^*l*2"*l2®22*2 

•ll*l2*l*^*U*22’*12^*l*2"*12“22*2  i “ii»i*2a^2‘22*l*2"^“L*L 


and  It  can  be  shown  through  straightforward  but  lengthy  calculations  that 


*[3^1  ] 


t. 

+ V 

+ 2v  n ( 

X 

Q XX 

X 

2 2f 

'22  22 

' fi 

to  +iij  . - 

X X 1 

w s t 

s 

2 2 

X^V  ^ ^ ''x'^fi 

X 


(5.47) 


r-2  , 


*^“11*12  ^ 


1,2  2 2 2 > , 2,, 
i ^ Vn  ) ^ 

X X 

2 2,  2 2 22  2.  2.,  . 
+ W V (t  a + (j  0.  + a.) cos  (5  + w t; 
xx'u)  St  a 

a 


■5  fv  fi 

8 X X 


^ plsln[2(  + >j^t)  ] ; 


, a g + V 0 
X V § X 

X X 


i ^ V " 3ln[2(?  ^ u.t)] 

X XX  X 8 


(5.48) 


(5.49) 


‘i  [v  fi  + u,V  ^ a^]  sln[2(?  + u,  t)] 

D X X U)  9 t 0 

9 

8 t''x‘^X^j[Vv^§  Vn  5 C08[2(5  Ugt)]  j ; 


X* 
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r-2 


(5.50) 


Equations  (5.47)  through  (5.50)  require  that  co  t remain  small  so  that 

s 

the  approximation  of  sin(w^t)  by  uj^t  remains  valid.  It  is  therefore 
assumed  that  t remains  below  1000  sec. 

Average  values  for  the  variance  In  the  estimate  of  the  separate 
components  of  the  A matrix  can  be  determined  by  eliminating  the 

nonconstant  terms  of  (5.47)  through  (5.50).  Hence 


r-2-,  l\22  22  „„2  I 

+vO  +2\iQC  \ 

llav  8|xv  xfi  xxvnf 

( X X X X ) 

ll22r22  22  21  ( 

12  av  8 J'  X V X n XX  Lj 

( X X s 

2 2 2v  ) 

+ ^ a^)  j ; 


<^f‘’ll^2^av  = ° = 


(5.51) 


(5.52) 


(5.53) 


6[aJj  = 

22  av  ll  av 


(5.54) 


Data  for  evaluation  of  (5.46)  through  (5.50)  were  taken  from  rate  and 

torque  filter  performance  levels  and  are  listed  in  Table  V-5.  Note  that 

2 .„-18  2 
0^  has  been  set  to  10  sec  . 


Table  V-5 

PARAMETER  ESTIMATE  ERROR  EQUATION  INPUT 


• 22  2 2 

2.8  X 10  r*d  /••c 


Varlabla 

Tjrplcal  Valu* 

n* 

•10  2 . 2 

10  rad  /tac 

2 

V 

2 r 2 

100  rad  /aac 

2 

w 

2 2 

12100  rad  /aac 

2 2 

V^t 

6 2 

10  rad 

V ft 

s a 

10  rad  /aac 

t 

1 aae 

t 

0.001  rad 

1.0  X 10** 


• 18  2 
1.0  % 10  rad 


1.0  R 10  ^*  ••€* 


1,0  I 10  **  rad* 


Exatninatloi\  of  (5.51)  through  (5.54)  indicates  that  the  c term 

U)S 

dominates  by  six  orders  of  magnitude  even  for  t as  small  as  1 sec. 
Hence , 


mag 

-17^ 

1.25  X 10 

mag  6(aj2^ 

1.25  X 10~^^ 

mag 

0 

/-2 

-17 

mag  SCa^g) 

av 

1.25  X 10 

(5.55) 


With  nominal  values  for  the  torques  z and  z taken  to  be  10  N m 
(using  parameter  values  taken  from  Table  IV-1), 


(4x10®) 


1.4x10  -4. 1x10 


-4.1X10  1.5x10 


+ (4x10®) 


-24  -17 

(10  )(1. 25X10 


-24  -17 

-(10  )( 1.25X10 


(5.56) 

-(10"^'*)(  1.25X10“^”^) 
(10"^'*)(1.25X10"^^)  J . 


Examination  of  (5.56)  indicates  that  the  errors  associated  with  the  torque 
filter  output  estimates  dominate  the  parameter  estimation  covariance  by 
approximately  10  orders  of  magnitude.  Hence 


-21  -24 

5.6x10  -1.64X10 


-24  -23 

■1.64x10  6.00x10 


(5.57) 


and 


— 1 2 2 

7.5  X lO  (kg  m ), 


(5.58) 
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7.5  X 10  (kg  m^) 


(5.59) 


Using  these  values  for  the  standard  deviation  of  P and  P it  is 

1 2’ 

then  possible  to  calculate  the  average  uncompensatable  portion  of  the 
twice  frequency  output  signal  error  containing  contributions  from  and 
Pg.  Using 


- 

* • 

& 

' xs'  20) 

= 6 

li  L 

* ys’  2UJ 

s 

s 

m « 

= 0.01  rad /sec 


(5.60) 


the  results  of  Table  V-6  are  derived. 

Table  V-6 

KAXIMUM  UNCOMPENSATED  OUTPUT  TORQUE  AT  2w  DUE  TO  P and  P ^ 

s 12 


Dynamic 

Component 

Output  Equation 
Component 

2o)g  Output  Torque 
Error  (N  m) 

• 

- . -14 

u 

li)  P, 

7.5  X 10 

xs 

xs  1 

- -14 

u 

0)  P„ 

7.5  X 10 

ys 

ys  2 

^ -14 

(a)  U) 

0)  OJ  P„ 

3.71  X 10 

X z 

X z 2 

CJ  (j 

0)  0)  P, 

-14 

3,71  X 10 

y z • 

y z 1 

^True  parameter  values  taken  from 

Table  lV-1, 

The  torque  outputs  specified  in  Table  V-6  correspond  to  0.02  and  0.01  SU 
based  on  the  1 EU  torque  calculation  of  (2.24). 
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C.  PARALLEL  FILTER  EVALUATION  OF  P . AND  P _ 

— — — 14  17 

A set  of  parallel  filters,  in  this  case  acceleration  and  torque 
filters,  was  also  developed  to  estimate  parameters  P^^^  and  P^^  which 
are  associated  with  instrument  anisoelasticity.  The  OEP  lo  error  estim- 
ates corresponded,  in  this  case,  to  torque  output  errors  of  0,40  EU 
for  both  Pj^^  and 

£,  PHASE  SENSITIVE  DEMODULATION 

The  Kalman  filter  approach  to  parameter  estimation  discussed  in 
Sects.  B and  C was  one  method  of  successfully  identifying  the  OEP.  Due 
to  the  complexity  of  the  output  torque  signal  and  the  high  signal  fre- 
quencies contained  within  that  output,  it  was  necessary  to  construct  the 
filters  with  dynamics  which  were  simplified  as  much  as  possible.  This 
simplification  resulted  in  oscillators  which  were  able  to  smooth  measure- 
ment data.  One  of  the  principal  advantages  of  a Kalman  filter,  that 
of  using  a detailed  mathematical  model  of  the  dynamic  system  which  it 
estimates,  was  not  included  within  the  filters  due  to  real  time  operating 
requirements.  As  a result,  the  filters  functioned  as  signal  demodulators. 
Signal  demodulators  which  are  accurate  to  approximately  the  same  level 
as  were  the  filters  (0.1%  to  0.01%)  relative  to  parameter  estimation  are 
commercially  available.  A conceptual  drawing  of  how  a phase  sensitive 
signal  demodulator  (PSSD)  operates  to  provide  an  estimate  of  a parameter 
P which  is  associated  with  a sinusoidal  carrier  signal  of  known  frequency 
V is  shown  in  Fig.  V-2. 

The  same  signal  which  drives  the  instrument  output  also  drives  the 
demodulator.  This  single  forcing  function  avoids  the  problem  of  tuning 
error  which  accompanies  the  notch  filters  which  are  used  with  the  par- 
allel Kalman  filters  discussed  in  Sects.  A and  B.  The  single  forcing 
function  of  Fig.  V-2  keeps  the  instrument  and  demodulator  precisely  tuned. 
Instrument  output  for  the  case  of  Fig.  V-2  is  shown  in  Fig,  V-3.  In 
Fig.  V-4,  the  PSSD  inphase  output  is  shown,  along  with  the  inphase  square 
wave  signal.  The  corresponding  PSSD  out-of-phase  output  signal  and  square 
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fig.  v-3  example  of  instrument  output  for  sinu- 
soidal INPUT  HAVING  FREQUENCY  V. 
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wave  curves  are  shown  in  Fig.  V-5.  The  mean  value  of  the  out-of-phase 
portion  of  the  signal,  when  taken  over  a period  which  corresponds  to  an 
integer  multiple  of  2n  radians  remains  zero  so  long  as  the  phase  angle 
change  between  forcing  function  input  and  instrument  output  is  zero.  So, 
for  the  zero  phase  shift  case,  multiplication  of  the  inphase  PSSD  out- 
put by  (it/2)  yields  an  estimate  of  p,  the  unknown  parameter. 

QUADRATURE  COMPONENT 


FIG.  V-5  OUT-OF-PHASE  LIMITER  SIGNAL  AND  PSSD  OUTPUT  SIGNAL. 

AVERAGE  VALUE  IS  ZERO  OVER  ANY  PERIOD  WHICH  IS  AN 
INTEGRAL  MULTIPLE  OF  T SECONDS, 


The  PSSD  approach  to  parameter  estimation  outlined  above  can  be 
conveniently  applied  to  estimation  of  RGG  output  effective  parameters 
(OEPs).  A schematic  diagram  showing  a PSSD  approach  to  P^  and  P^ 
estimation  is  shown  in  Fig.  V-6.  The  square  wave  limiters  used  in  Fig, 
V-2  are  replaced  in  Fig.  V-6  by  sinusoidal  waves.  Either  type  of  wave — 
sinusoidal  or  square — can  be  mechanized.  The  sinusoidal  wave  provides 
for  easier  analysis  of  system  performance.  Examination  of  Fig.  V-6  indi- 
cates that  for  the  RGG,  the  out-of-phase  component  of  PSSD  output  is 
nominally  nonzero.  This  nonzero  term  is  due  to  the  fact  that  P and  P 
have  the  same  output  frequency  content  but  are  separated  in  phase  by  90 
degrees,  as  shown  by  (4,50). 
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FIG.  V-6  USE  OF  PSSD  (phase  sensitive  signal  demodulation)  FOR  RGG  and 
ESTIMATION. 


Using  (5,61)  through  (5,64),  the  PSSD  inphase  output  (IP)  and  out-of-phase 
output  (OP)  can  be  written  as  in  (5,56)  and  (5,66)  respectively. 


"l 

1 2 
- P,  U V 

2 1 X X 

(5.61) 

®2 

A 

i '’2“^x 

(5.62) 

A 

+ 

A 

(Vx  + Ws)t  + 

(5.63) 

A'lf. 

A 

♦ - . 

(5.64) 

IP  = - I cos(Ai|f){l-cos(2A)}  - -i  sin(2A)  (5.65) 


OP  = 4 B,  cos(A^l^)^l+cos(2A)}  - 4 A^B  sin(2A)  . (5.66) 

Considering  now  the  inphase  signal  averaged  over  [4ir/(V^  + tj^)J  sec,  the 

mean  signal,  IP  is 
® ’ av 


IP  “ " i ®2 


av 


(5.67) 


or 


IP  = - T cos(Ailf)  . 

4 2 X X 


av 


(5.68) 


Hence , 


IP 


av 


1 ^2 

fi  V 

X X 


(5.69) 


With  the  error  in  the  estimate  of  P , P , defined  by  (5,20), 

2 2 


? = ?>  - p 

2 2 2 ' 

*’2^x''x 


'n2  ^ 

n V 

X X 


- ^2  • 


(5.70) 

(5.71) 
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Using  the  binomial  theorem  for  expansion  of  the  denominator  of  (5.71) 


and  expressing  cos(A<r)  as  a truncated  Taylor  series  yields 


(5.72) 


or,  with  higher  order  terms  neglected, 


(5.73) 


(5.74) 


Therefore,  if  the  platform  forcing  frequency  can  be  controlled  to  0.01% 
accuracy,  the  parameter  can  be  estimated  to  0.01%  accuracy  using 

phase  sensitive  signal  demodulation. 


Using  the  out-of-phase  component  from  the  demodulator,  a result 
corresponding  to  that  of  (5.74)  can  be  developed  for  Demodulators 

can  be  used  for  estimation  of  all  of  the  OEPs.  The  mechanizations  are 
essentially  the  same  as  for  P^^  and  P^  estimation.  The  parameters  gen- 
erally exist  in  frequency  doubles,  as  did  P^  and  P^,  one  parameter 
being  associated  with  inphase  output,  the  second  with  the  out-of-phase 
output.  The  estimation  accuracy  is  0.01%  for  all  cases  for  sufficient 
averaging  times.  Several  system  0.01%  accuracy  error  outputs  are  listed 
in  Table  V-7.  These  results  can  be  compared  to  the  parallel  filter 
results  of  Table  V-6  and  Sect.  V-C. 


Comparison  of  parallel  filter  and  PSSD  estimator  performances  show 
reasonable  agreement  for  all  cases  listed  except  for  Pjy  This  devia- 
tion is  due  to  the  fact  that  the  filter  estimation  of  P^^^  depends  upon 
P^^  estimation.  With  the  PSSD,  P^^  is  estimated  independently  of 
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Table  V-7 


MAXIMUM  UNCOMPENSATED  OUTPUT  TORQUE  DUE  TO  SIGNAL  DEMODULATOR 
0,01%  PARAMETER  ESTIMATE  ERROR,  (Parameter  values  taken  from 
Table  IV-1). 


Dynamic 

Component 

Output  Equation 
Component 

2w^  Output  Torque 
Error  (N  ra) 

2w^  Output 
Torque  Error 
(EU) 

. „ -14 

(a)  P 

1.0  X 10 

0.002 

xs 

xs  1 

, „ -14 

u» 

1.0  X 10 

0.002 

ya 

yx  2 

r -15 

w w 

W CJ  P 

5.0  X 10 

0.001 

X z 

X z 2 

= A,  «-15 

U)  U) 

U)  w p 

5.0  X 10 

0,001 

y 2 

y z 1 

2 

„ = ,,.-12 

g 

i g P 

2.5  X 10 

0.700 

2 

2 ~ 

e „ -15 

g 

g p 
^ 17 

5,0  X 10 

0.001 

COMMENTS  ON  THE  PARALLEL  FILTER  AND  PSSD 
APPROACHES  TO  OUTPUT  EFFECTIVE  PARAMETER 
ESTIMATION 


The  Kalman  filter  analysis  presented  in  this  chapter  detailed  an 
analytical  approach  to  "steady  state"  variance  estimation  for  systems 
which,  using  the  standard  approach  to  state  variable  definition,  would 
have  nonconstant  coefficient  matrices.  For  certain  types  of  systems, 
variance  levels  can  thereby  be  determined  without  digital  covariance 
propagation.  In  addition,  it  was  shown  by  using  this  procedure  that  a 
Kalman  filter  approach  to  OEP  estimation  would  not  provide  better  knowledge 
of  the  parameters  than  could  be  obtained  using  standard  phase  sensitive 
signal  demodulation  (PSSD)  techniques. 

Finally,  although  both  approaches  to  parameter  estimation  indicated 
1 EU  performance  capability,  the  error  margin  in  both  cases,  due  to 
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»as  small.  State  of  the  art  iiuinhers  were  used,  where  nvniluble,  for 
ovnluatlon  of  ostlinator  per formniice.  Yet,  lii  the  slii^le  case  of  " 

0,40  EU  to  0,70  EU  output  error  at  the  gravity  gradient  signal  frequency 
(2u)^)  remained.  Based  upon  such  marginal  performance,  it  is  apparent 
that  simple  numerical  compensation  of  gravity  gradiometer  output,  using 
either  of  these  methods,  is  not  an  advisable  method  of  instrument  compen- 
sation. Two  approaches  to  the  solution  of  this  problem  are  available, 

1.  Extensions  of  the  basic  PSSD  approach  to  OEP  estimation,  includ- 
ing correlation  techniques,  should  be  considered.  This  analysis 
is  provided  in  Chapter  VI. 

2.  An  approach  to  active  parameter  control  should  be  developed. 
Active  control  of  the  OEP  will  allow  instrument  trim  using  an 
iterative  procedure.  Such  an  approach  prevents  a single,  in- 
ordinately large  parameter  from  corrupting  the  output  signal  to 
the  extent  where  parameter  estimation  is  ineffective.  Active 
parameter  control  is  developed  in  Chapters  VII  through  IX. 


Chapter  VI 
OUTPUT  CORRELATION 


A.  INTRODUCTION 

In  Ch.  V,  Kalman  filters  and  phase  sensitive  signal  demodulators 
were  evaluated  for  use  as  RGG  (rotating  gravity  gradiometer)  parameter 
estimators.  Both  were  found  to  perform  near  the  allowable  1 EU  accuracy 
level  required  for  the  RGG,  At  this  level  both  must  be  consideied  un- 
advisable  approaches  to  single  step  estimation  of  system  parameters  and 
single  step  compensation  of  signal  output.  The  margin  between  the  accuracy 
required  and  the  peak  estimator  accuracy  capability  is  too  small  when  the 
possibilities  of  unmodeled  errors  or  excessive  manufacturing  errors  are 
considered . 

The  broad  band  of  frequencies  contained  within  the  RGG  output  prior 
to  2cj^  filtering,  and  in  particular,  the  fact  that  by  proper  selection 
of  platform  input  it  is  possible  to  specify  those  frequencies,  suggests 
a third  approach  to  output  effective  parameter  (OEP)  identification.  This 
third  alternative  is  the  method  of  output  correlation.  The  correlation 
approach  is  similar  to  that  of  phase  sensitive  signal  demodulation. 
Correlator  mechanization  is  simpler  than  that  of  the  parallel  Kalman 
filters,  but  more  complex  than  for  PSSD.  Various  physical  realizations 
are  available  for  this  approach,  and  the  inputs  to  the  correlator  can  be 
either  random  motion  or  known  forced  motion.  The  various  options  using 
correlation  are  discussed  in  this  chapter. 


11.  OUTPUT  CORREIATION  CONCEPT 

Consider  the  block  diagram  of  Fig,  VI-1  where,  for  convenience,  the 
sensor  output  has  been  linearly  modeled  according  to  (4.38).  The  coeffi- 
cient assumed  known  and  compensated. 

The  platform  dynamics,  as  defined  by  the  coefficients  of  the  OEP  of  (4.38) 


are  showr.  in  Fig.  VI-1,  in  the  sensor  reference  system,  as  the  variables 

X through  X . 

1 n 

Neglecting  the  gravity  gradient  torque,  the  differential  torque 
output,  , may  be  written  as 


AT 


14 


E 

k=l 


(6.1) 


To  estimate  the  parameter,  P.,  the  switch  of  Fig.  VI  1 is  closed 

J 2 

to  the  sensor  dynamic  component  and  the  products  and  are 

formed.  It  is  assumed  that  data  are  collected  over  a long  enough  period 
such  that  any  correlations  among  the  dynamics,  i.e.,  tli^,  are 

negligible.  Under  these  conditions,  the  expression 


j' 

J 


(6.2) 


approaches  zero.  After  a certain  time  i , 


and  from  (6.2) 


o 


Hence,  P , the  estimate  of 


J’ 


is 


x^dl 


(6.3) 


(6.4) 


(6. 
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Under  conditions  of  actual  operation,  all  of  the  Integrals  in  (6.2)  to 
(6.5)  would  be  modulated  by  t~^  so  as  to  prevent  the  Integrator  from 
becoming  saturated  as  t^  became  large.  Hence,  In  actual  operation, 
(6.2)  would  be  implemented  as 


t 


1 

t 


dt 


(6.6) 


For  purposes  of  this  analysis  (In  Ch.  VI),  the  modulation  factor  t 
will  be  neglected  since  all  values  of  t^  are  less  than  100  sec. 


C.  CONCEPT  DEMONSTRATION 

A demonstration  of  the  correlation  technique  using  random  platform 
Jitter  as  correlator  input  was  mechanized  using  only  platform  rotational 
motion.  All  platform  linear  accelerations  were  set  to  zero  and  each 
platform  angular  acceleration  dij  was  simulated  as  white,  Gaussian, 
and  zero  mean  as  defined  by  (6.7). 


SLWjWj]  a 0 

= 0 for  J k . 


(6.7) 


Given  this  random  angular  acceleration  Input  at  some  time  t, 


*(jj) 


(6.8) 


Aasumlng  the  interchangeability  of  the  Integral,  expected  value,  and 
summation  operators,  (6,8)  becomes 
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(6.9) 


J> 


s(Jj)  = \ • 


Finally,  due  to  the  independence  assumed  for  the  w , (6.9)  reduces  to 


S(J 


j’  " Lvj 


dt 


(6.10) 


and 


Pj  = ft(Jj)  / 


(6.11) 


C-1  Simulation 


A trial  estimation  of  was  performed,  where 


AI  -(mP  p -mP  P). 
xz  o xo  zo  e xe  ze 


(6.12) 


Implementation  of  this  identification  process  req  j formulation  of 
instrument  dyn 
dynamics  where 


instrument  dynamics  (w  , i , etc.)  as  functions  of  measured  platform 

X y 


"x  " “xP  ® “vP  ® » 


yP 


(6.13) 


u 


““xP  ® ‘^VP  ® f 


yP 


(6.14) 


w ■ u 


EP  • 


(6.15) 


The  statistical  assumptions  upon  platform  angular  accelerations  were 


“kp  - 0(0,  q^) 


(6.16) 
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r 


the  dj  _ taken  as  pairwise  Independent. 
kP 

With  only  platform  rotational  motion  allowed,  the  integral  of  (6.2) 
reduces  to  (6.17). 


5(J) 


+ P, 


3 ^bP 


|+P„[(  4p""yp)‘=°®  ^"^xpV 


1+P  [ J( sin  2g  + u w cos  20] 
' s'-*  yP  xP  xP  yP 


U)  ^cos  0 
xP 


+CJ  _u)^cos0' 

yP  t 


dt  . (6.17) 


Specialization  of  the  diagram  of  Fig.  VI-1  to  the  randomly  forced  P^ 
estimation  case  is  shown  in  Fig.  Vl-2.  Theoretically, 


11b  J s lin  I P,  [u)  _ + w w ] cos  0 dt  . (6.18) 

tj-»*  J 1 xP  yP  B 

t to 

The  degeneration  of  J from  (6.2)  to  (6.3)  depends  upon  the  statistical 
independence  of  the  uj^^p  as  well  as  the  functional  orthogonality  of  the 
sine  and  cosine  functions.  The  results  of  the  test  simulation  are  shown 
graphically  in  Fig.  VI-3.  The  test  case  was  scaled  such  that  all  P^^ 
were  equal  to  1.  From  the  simulation, 

P^  = 0.943  (units)  (6.19) 

after  5 sec,  and  the  error  in  the  estimate  of  Pj^  is 

P^  « 0.057  (units)  = 5.5%  . (6.20) 
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IDENTIFICATION  OF  P,  VIA  OUTPUT  CORRELATION 


TIME  HISTORY  OF 
TioN  or  Pj 


no.  VI-3 


INTEGRATOR  OUTPUT  FOR  ESTIMA- 
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D.  THE  EFFECTS  OF  CORRELATED  RANDOM  INPUT  ON 


ESTIMATOR  PERFORMANCE 


Given  that  the  RGG  is  equipped  with  an  active  parameter  control 
system,  the  random  input  correlator  described  in  Sect.  iVI-C  provides 
relatively  accurate  parameter  estimates  in  short  periods  of  time,  with 
the  parameter  estimates  serving  as  error  signals  for  the  controller. 
Correlator  performance  levels,  however,  are  based  upon  the  assumption 
of  Independence  among  the  random  Inputs.  Numerous  mechanisms,  such  as 
sinusoidal  aircraft  vibrations  and  vibration  isolator  axis-to-axis  dynamic 
coupling,  can  be  postulated  for  which  the  random  vibrations  sensed  by 
the  platform  gyros  and  accelerometers  are  not  independent.  To  demonstrate 
the  effects  of  Input  coupling,  consider  again  the  test  case  of  Sect.  C, 
but  with  the  added  assumption  that 


‘^yPR 


uu) 


xP 


(6.21) 


whe  re 


iyPR  = a random  angular  acceleration  Input  about  the  Yp  axis 

which  is  uncorrelated  with  both  w _ and  w „ , 

xP  zP  ’ 

u = a nonzero  coupling  coefficient  which  represents  the  correl- 

ation between  u _ and  uj  _ . 

xP  yP 

Under  this  condition  of  random  input  dependence,  (6.17)  becomes 

11m  6(«9)  = lim  ( P,  [ r.'*’  „]^cos^0  dt 

t-»«  J 1 xP  yP  zP 


(6.22) 


f ' 

+ lim  \ 
*-»•  } 


The  second  term  of  (6.22)  is  the  error  in  the  correlator  output  signal 

which  arises  due  to  the  correlated  input.  Based  upon  the  angular  rate 

and  acceleration  errors  specified  in  Table  III-),  the  term  u _u) 

’ yP  z 
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can  be  of  approximately  the  same  magnitude  as  With  this  approxi- 
mation, the  error  due  to  correlation,  ''’®y  written  as 

ppspu,  (6.23) 

Ic  2 

Based  upon  this  result,  it  is  concluded  that  the  random  input  correlator 
is  a feasible  approach  to  OEP  estimation  only  if  relatively  low  correla- 
tion levels  exist  among  the  platform  jitter  signals.  Implementation  of 
this  approach  would  require  a validation  program  which  would  guarantee 
the  Independent  nature  of  the  random  input. 

£.  THE  FORCED  INPUT  CORRELATOR.  DEFINITION  OF  THE 
COIRELATION  FUNCTION 


An  alternative  approach  to  the  random  input  correlator  which  would 
provide  acceptable  parameter  estimates  without  overly  complicating  either 
the  mathematical  model  or  the  actual  correlator  hardware  was  developed 
based  upon  the  idea  of  forced  platform  motion.  Using  measured  platform 
Jitter  levels  as  a design  constraint,  known  platform  Inputs  at  least  one 
order  of  magnitude  greater  than  the  jitter  levels  would  dominate  the  RGG 
output  and  reduce  the  significance  of  the  random  motion  upon  KGG  output 
to  a tolerable  level  (approximately  5%  error  in  parameter  estimate  for 
S0(«  random  signal  correlation). 

The  forced  input  correlation  technique  was  designed  specifically 
to  take  advantage  of  the  known  frequency  content  of  the  RGG  output,  and 
the  calculable  effect  of  known  platform  motion  upon  this  output.  To 
this  end,  the  random  platform  vibrations  were  replaced  by  known  platform 
rate  and  acceleration  inputs.  This  change  resulted  in  a set  of  predeter- 
mined correlation  functions,  all  of  which  appear  in  the  Instrument  output 
torque,  (4,50).  In  addition,  the  simple  integrators  of  Fig.  VI-2  were 
replaced  by  multiple  lag  networks  so  as  to  speed  estimate  convergence 
and  minimize  the  effect  of  integrator  biases.  Several  modifications  to 
this  basic  system  were  also  considered  and  are  discussed  in  detail  in 
this  section. 
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2 

E . 1 The  L (Second  Order  Lag)  System;  The  Basic  Forced  Input  Correlator 

Consider  again  the  instrument  output  error  torque  as  written  in 
(4.38),  and  consider  the  case  of  estimation  as  an  example.  For  a 

given  known  platform,  linear  acceleration  input  in  the  direction  of  Xp 
and  having  a sinusoidal  form  with  frequency  a^,  there  are  five  distinct 
output  frequencies  associated  with  elasticity  related 

parameters.  These  frequencies  are  specified  in  Table  IV-3,  Each  of  these 
frequencies  is  a candidate  correlation  frequency  except  2io^ , the  gravity- 
gradient  signal  frequency.  Selection  of  a particular  correlation  fre- 
quency, f^  given  that  and  are  fixed,  is  based  upon  the  type 

of  correlator  to  be  implemented  and  the  resultant  correlation  function. 

For  digital  correlator  implementation,  the  lower  frequencies  offer  the 
advantage  of  minimizing  digital  processor  execution  time.  For  an  analog 
implementation,  the  higher  frequencies  speed  real  time  estimate  converg- 
ence. For  estimation  of  P,.,  (2io  - a ) has  been  selected  as  the 

14  s X 

correlation  frequency.  Selection  of  f as  (2w  + a ) provides  a 

c s X 2 

correlation  function  having  maxima  which  are  large  compared  to  A . The 

2 ^ 

L system  for  P^^  estimation  is  shown  in  Fig.  Vl-4,  and  the  correla- 
tion function  A is 

A = cos[(2u)^  - + Cp]  . (6.24) 

The  correlation  frequency  - a^^)  is  one  of  two  frequencies 

associated  with  the  P^^^  (bA^/2)  coefficient  of  (4.50).  The  phase 

angle  cc  is  included  as  compensation  for  a signal  lag  between  the  plat- 
form and  sensor  and  in  practice,  must  be  estimated.  For  purposes  of 
analysis,  however,  the  angle  co  may  be  associated  with  the  error  signal 
component  at  (2ui  - a ) rather  than  with  A,  The  effect  of  an  error 
in  cDi  estimate  of  the  correlation  frequency  is  to  reduce 

the  magnitude  of  the  estimate  of  by  a factor  of  (1  - cos  ®)  where 

- Cp  , (6.25) 
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For  all  other  frequencies,  simply  shifts  the  output  phase  of  the 

oscillatory  terms.  Making  this  assumption  for  <p,  the  correlated  output 
torque  may  be  written  as 


T(s)  = XW  cos[f^t]J . (6.26) 

' (s  + a) 

For  purposes  of  numerical  analysis,  the  break  frequency  has  been  set  to 

2 

1 rad/sec.  The  output  filter  H for  the  L system  is  equal  to  1, 
while  G(s)  has  the  form 


G(s)  = 5 . (6.27) 

(s  + a) 

2 

In  addition  to  the  second  order  lag  (L  ) system,  several  other 
forced  input  correlators,  using  different  forms  of  G and  H were  devel- 
oped and  evaluated.  These  various  mechanizations  are  listed  in  Table 
VI-1  and  discussed  in  subsequent  sections  of  this  chapter. 

The  product  of  the  RGG  output,  ^"^^f  VI— 1),  and  the  correla- 

tion function  A produces  a constant  term  and,  with  forcing  functions 
as  specified  in  Ch,  IV,  many  sinusoids.  The  constant  term  is  used  to 
determine  the  OEP  of  interest.  The  sinusoids  are  noise  in  the  correlator 
output  and  corrupt  the  quality  of  the  parameter  estimate. 

The  RGG  error  equation,  (6.50)  has  the  form 

AT  « sin  pt  + Pj  cos  pt  + P^  sin  pt  -f-  . (6.28) 

With  coJ relation  function  A defined  as 

A = sln(pt)  (6.29) 

the  product  of  (6.28)  and  (6.29)  is 
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FORCED  INPUT  CORRELATOR  MECHANIZATIONS 


f 


178 


A X AT 


= P sin  ut  + P sin  ut  cos 
^ J 


+ P sin  ut  sin  pt  + 
n 


(6.30) 


Of  the  three  terms  on  the  right  side  of  (6.30),  only  the  first  has  a 

zero  frequency  or  d-c  component  for  the  case  where  u o 3*"®  unequal. 

After  the  correlator  product  (A  x AT)  is  formed,  it  is  passed  through 

the  second  order  lag  which  filters  the  high  frequency  noise.  In  Table 

2 

VI-2  the  various  components  of  the  L system  correlator  output  are 
written  in  both  the  Laplace  and  time  domain.  The  frequency  is 

used  a dummy  variable  to  represent  the  different  frequencies  which 
result  from  correlation.  The  purpose  of  the  Table  is  to  demonstrate 
the  effect  of  the  correlator  on  the  RGG  output,  showing  the  constant 
term  which  can  be  associated  with  a particular  OEP.  The  purpose  of 
transfer  function  G(s)  js  to  increase  the  s igna 1-to-noise  ratio  at 
the  output  of  the  correlator.  Row  1 of  Table  VI-2  represents  that 

portion  of  the  correlated  output  function  J associated  with  the  estim- 
ated parameter  P^^  at  zero  frequency.  Not  all  the  terms  of  Rows  2 and 
3 possess  exponential  decay,  implying  that  the  correlated  output,  J, 
will  maintain  oscillatory  residuals  which  persis  within  a magnitude 
ratio  envelope  which  is  nondiminishing  with  respect  to  the  zero  fre- 
quency term.  Based  upon  instrument  design  specifications  and  typical 

2 

parameter  values  as  listed  in  Ch.  IV,  analysis  of  the  L system  indi- 
cates less  than  a 1 order  of  magnitude  improvement  in  the  quality  of 

2 

parameter  estimates  as  compared  to  the  PSSD,  Using  the  L system  as 
a baseline,  five  alternatives  exist  for  improvement  of  correlation  tech- 
nique performance; 

1.  Manufacturing  specifications  can  be  set  to  a standard  such 
that  the  parameters  accompanying  the  oscillatory  residuals 
allow  adequate  estimation  of  the  desired  parameter; 

2.  A frequency  discrimination  (notch)  filter  may  be  added  to  the 
loop  prior  to  correlation  which  possesses  a center  frequency 
at  f^; 

3.  Additional  integrators  can  be  inserted  into  the  estimation 
loop  to  augment  the  low  pass  filter; 


IS 
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SECOND  ORDER  LAC  CORRELATOR  FUNCTIONS 


4.  The  order  of  the  low  pass  filter  can  be  Increased  (this  is 
only  a slight  variation  from  method  3); 

5.  An  active  parameter  compensation  control  system  can  be  de- 
signed and  implemented  which  would  relax  requirements  on 
parameter  estimation. 

Since  state  of  the  art  manufacturing  techniques  have  already  been  assumed 
for  instrument  manufacturing  specifications,  only  the  last  four  items 
of  the  alternatives  list  could  be  Implemented. 

E-2  The  Frequency  Discrimination  Filter  Correlator 

The  form  of  the  discrimination  filter  correlator  is  specified  in 
Table  VI-1.  The  notch  at  the  correlation  frequency  is  intended  to  mini- 
mize RGG  output  signals  at  frequencies  other  than  the  correlation  fre- 
quency, f ^ . Analysis  of  this  system  indicates  that  errors  associated 
with  frequency  tuning  and  sensor  orientation  offset  the  advantages 
gained  with  the  notch  filter.  The  frequency  discrimination  filter  was 
therefore  not  pursued  beyond  the  initial  analysis. 

2 

E-3  The  IL  System  (Integrated  Second  Order  Lag) 

2 

The  IL  system  is  defined  in  Table  VI-1,  This  mechanization  simply 

2 

integrates  the  output  of  the  L system.  The  significant  contribution 

of  the  additional  integrator  is  related  to  the  integrator's  effect  upon 

the  zero  frequency  portion  of  the  low  pass  filter  output,  changing  this 

zero  frequency  term  from  a constant  into  a ramp  function.  The  ramp 

continually  reduces  the  significance  of  the  extraneous  oscillatory  terms 

associated  with  the  residual  sinusoidal  functions.  The  components  and 

2 

transformations  associated  with  the  IL  system  are  given  in  Table  VI-3. 


Transformation  of  Row  1 of  Tabic  VI-3  displays  the  expected  effect 
upon  the  output  of  the  correlation  loop  due  to  the  addition  of  a pure 
Integration.  It  is  also  noted  that  this  integration  produces  zero  fre- 
quency terms  in  transformation  of  Row  2,  Additional  pure  integrations 
extend  the  biases  of  Table  VI-3  into  ramps,  parabolas,  etc.  The  zero 
frequency  term  of  transformation  2 is  proportional  to 

for  the  sample  case  being  considered  (P  . estimation),  u) 

14  b 

value  of  132  rad/sec.  Hence,  with  linear  signal  growth  in  transformation  2, 
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-1 


where , 


b ’ 

has  the 


17 


TABLE  VI-3  INTEGlt\TTD  SECOND  ORDER  LAG  CORRELATOR  FUNCTIONS 


a six  order-of-maii;nltude  separation  between  the  parameter  estimate 
signal  and  the  zero  frequency  error  terms  Implies  a convergence  time 

3 

of  approximately  7.5  x 10  sec  (*»  2 hours).  Implementation  of  addi- 
tional pure  integrations  could  reduce  the  time  required  at  the  expense 
of  numerical  accuracy  due  to  the  introduction  of  additional  integrator 
biases  and  computational  dynamic  range  problems. 

0 

E-4  Higher  Order  Filters;  The  L (Sixth  Order  Lag)  System 

The  higher  order  filter  is  a logical  extension  of  IL^  system.  The 

-2  -n 

second  order  lags,  (s  + a)  are  replaced  by  (s  + a)  as  shown  in 
Table  VI-1.  In  the  Laplace  domain,  the  functions  of  interest  with  re- 
spect to  correlator  output  error  are 


(8^i)(s+a)" 


s + jw  s - ju) 


1=1  (s  + a) 


(6.31) 


s(s  + a) 


- = !i,  " _A 

n s 


1=1  (s  + Of)^ 


(6.32) 


With  Tljls)  and  'HgCs)  defined  by 


= -2 2 


Ks  + m 


/A  ^ \ / \ n 

(a  + ui  )(s  + o() 


(6.33) 


8(s  + er) 


(6.34) 


the  functions  exist  within  the  time  domain  as  given  by  (6.35)  and  (6.36). 
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n .1-1 


Tl,(t)  = 21a  I cos(Mt  f /a,  + V (6.35) 

^ ^ 1^1  Ni-1)’. 


n ^i-1 


= c + e D 

2 ^ 1^1  ^ (1-1)1 


(6.36) 


The  significant  error  associated  with  the  correlated  torque  output  Is 

proportional  to  IAj).  Furthermore,  |a^ ] is  Inversely  proportional 
. . fi  I 

to  (s  4 a)  . 

S=ju.' 

It  is  possible  that  for  certain  special  case  relationships  of  the  (XP, 

2 

a second  order  lag  system,  the  L system,  would  be  adequate  for  para- 
meter estimation.  However,  evaluation  of  estimator  performance  with 
parameter  errors  set  to  approximately  2 orders  of  magnitude  greater  than 
design  sneclf icatlons  Indicate  the  advisability  of  a higher  order  filter 
since  some  of  the  associated  output  frequencies  are  separated  from  each 
other  by  as  little  as  0.1  A 6th  order  system  has  been  found  ade- 

quate for  parameter  estimation  under  these  conditions.  Coefficients 
A,  B,  C,  and  D of  equations  (6. 35)  and  (6.35)  for  a 6th  order  system  are 
given  in  (6.37)  through  (6.46). 


m - jKo) 
(-J^w)(or  + jw) 


(6.37) 


« tan  ^[Jm(A^)/R^(Aj^)  ] 


(6.33) 
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(6.39) 


2 2-1 
(Ks  + m)(s  + u>  ) 


' s=-a 


2 2 2 2 -1 
(s  +w  ) (K  - 2s(Ks+m)(s  +u)  ) _ 

(s^+u*)“^(-2in  - 6K8  + 4s^(Ks+in)(s^+u^)“^ ) 


(6.40) 

(6.41) 


(s^+ij^)“^f  (6Ks+2nM-K)4s^  - (16s+8K)s^(Ks+in)  (s^+cj^)  ^ )g__(2  (6.42) 
+ (s^+w^)“^f-6K  + 8s(Ks+m)(s^  + 

S cz 


o o Js^r-176Ks-64m  - 8K^-24K] 

/ 2 2.-4I  I 

(s  +u'  ) ] 4 2 2 —1  3 

|-4s  (16s+8K)(Ks+m)(s  +u)  ) -38  (16s+8K) (K8+m) 


(6.43) 


+ (s^+w^)“^  {72Ks^  + 8s  (2m  + K)  ) 


„ / 2 2-5 

-8s  (s  + u'  ) 


,2  2-4 

♦ (s  + u ) 


[-176Ks-64m-8K'‘-24K]  ' (6.44) 

4 2 2 -1 
-4s  (16s+8K)(Ks+ni)(s  +u  ) 

3 

-.3s  (16sH8K)(K.s+m) 

2 2 3 

3s  [-176Ks-64m  - 8K  -24Kj  - 176Ks 

3 2 2 -1 

-16s  (16s-f  8K)  (Ksi-m)  (s  +tj  ) 

-64s^(Ks+m)(s^+cj^)  ^ - 4Ks^  ( 16s+8K  ) (s^+oj^  ) 

5 2 2 -2 
+ 8s  (16s-f8K)(Ks4m)(s  +tj  ) 

-9s^(16s+8K)(Ks+m)  - 48s^(Ks+m)  - 3Ks^(16s+8K) 


- 3(8^  + u^)”^  [72Ks^  + 8s(2m  + K)] 

♦ (8^  + (144KS  + 8(2m  + K)J  | 
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.1* 


c 


(6.1+5) 


= a 


-6 


D = -a 
1 


-(7-1) 


(6.46) 


The  6th  order  lag  system  has  been  used  to  demonstrate  correlation  technique 
parameter  estimation  in  Sect.  G.  However,  prior  to  exercising  this  pro- 
cedure it  was  necessary  to  determine  a set  of  platform  Inputs  which  would 
permit  identification  of  all  output  effective  parameters. 


F.  PLATFORM  INPUT  FREQUENCY  SELECTION 

Proper  platform  input  frequency  selection  is  critical  to  the  success 
of  the  correlation  technique.  Care  must  be  taken  to  insure  the  integrity 
of  each  selected  output  channel  such  that  correlation  results  in  a zero 
frequency  term  associated  with  only  the  desired  OEP  in  each  separate  case. 
The  problem  is  accentuated  by  the  requirement  that  these  outputs  be  gener- 
ated simultaneously  over  separate  channels  so  as  to  minimize  the  time  per 
Iteration  required  to  establish  a set  of  parameter  estimates. 

F-1  The  Correlation  Functions 

In  order  to  demonstrate  the  existence  of  at  least  one  set  of  plat- 
form Inputs  satisfying  (4.45)  through  (4.48)  while  permitting  estimation 
of  all  OEPs,  the  correlation  functions  which  appear  in  (4.50)  have  been 
rewritten  and  identified  by  number  in  Table  VI-4.  Those  correlation  func- 
tions marked  with  a dagger  (t)  have  been  selected  for  use  in  parameter 
identification  although  such  selection  is  not  restricted  to  these  functions. 
The  40  functions  of  Table  VI-4  were  coded  on  to  a computer  routine  and 
various  sets  of  platform  frequencies  for  a^,  and  were  tested. 

Ranges  for  these  frequencies  were  0.1  ui  to  0.6  u and  incrementation 

8 8 

was  set  a1  0.1  A large  group  of  acceptable  candidate  frequency  sets 

was  found.  Each  acceptable  group  yielded  a nimimum  frequency  term  other 
than  the  desired  zero  frequency  term  of  0,1  ui^.  Six  such  sets  are  given 
in  Table  VI-5.  The  first  set  of  platform  frequencies  listed  in  Table  VI-5 
is  used  throughout  the  remainder  of  this  analysis.  The  capability  of 
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Table  VI-4 

OEP  CORRELATION  FUNCTIONS 


Asso. 

OEP  No.  ^ sin, 'cos 


Frequency 


V 4 J 

X s 

V - ij 

X S 


X s 

V - u> 

X s 


2(v  + «)  ) 

X 8 

2(v  - ) 

X s 


2(v  + u3  ) 

X s 

2<v^  - 


vj  - a 


j - a 

S X 


4 0 

S X 

uJ  - O 
S X 


+ a^) 


2j  * a 

a X 

2uJ  - O 

• X 


Frequency 


O 40  +J 
X z s 

j -a  -a 

8 X Z 

O -O  +j 
X Z S 

uJ  4Cl  +uJ 

8 Z S 

sJ  40 
s z 

J -a 

8 Z 


a 40  4-u7 
X z s 


this  set  of  f rcqut'iic Ifs  to  provide  the  correlation  performance  required 
is  demonstrated  by  Table  VI-6,  In  Table  VI-G,  each  of  the  correlation 
functions  of  Table  VI-I*  marked  by  the  dagger  is  in  turn  operated  upon 
by  all  of  the  functions  present  in  the  Instrument  output.  Each  zero  fre- 
quency output  having  magnitude  greater  than  zero  is  underlined.  From  the 
Table  it  is  clear  that  each  correlation  function  produces  a nonzero 
magnitude,  zero  frequency  term  only  under  conditions  of  operating  upon 
Itself.  Hence,  this  set  of  platform  input  frequencies  provides  adequate 
spectral  separation  within  the  RGG  output  signal  AT  for  OEP  identifica- 
tion. 
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G.  CORRELATION  TKCHNIQUK  PERFORAlANCE--6th  ORDER  SYSTEM 

A closed  form  solution  was  developed  for  nth  order  correlation  of 
the  RGG  output  error  torque  signal.  The  solution  was  evaluated  for  three 
specific  OEPs — ^l4*  parameters  are  representative  of 

the  three  different  groups  of  OEP  contained  within  the  instrument  model. 


Pj  is  representative  of  the  Instrument  rigid  body  characteristics,  i.e., 
moment  of  Inertia  and  mass  center  location,  P^^  is  representative  of  the 
linear  acceleration  sensitive  terms,  P^^j^  represents  the  anlsoelasticity 
associated  OEP. 

Estimation  results  are  based  upon  output  associated  with  12  of  the 
lU  OEPs.  The  contribution  of  P^  is  not  included  since  it  is  a function  of 

platform  angular  acceleration  about  the  platform  z axis,  and  this  state 

P 

was  set  to  zero.  P^^  was  also  set  to  zero  since  the  proper  analytical 
model  for  the  Yankee  Screwdriver  effect  had  not  yet  been  established. 
Rates,  accelerations,  and  frequencies  required  for  closed  form  evaluation 
of  the  parameter  estimates  are  listed  in  Table  VI-7. 


Table  VI-7 

SYSTEM  RATE  AND  ACCELERATION  DATA 


G-1  Closed  Form  Solutlon-“Pj^j^  Estimation 

Using  the  coefficient  definitions  of  Table  VI-8  and  the  frequency 
definition*  of  Table  VI-9,  the  correlation  equation  for  the  estima- 
tion may  be  written  as  shown  in  (6,47),  where  the  preceding  elasticity 
coefficient  is  again  set  equal  to  1 for  simplification. 


Table  VI-8 

COEFFICIENT  DEFINITIONS 
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Note  in  (6.47)  that  a d-c  term  results  with  as  a coefficient. 
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Table  VI-9 
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A closed  form  solution  was  established  by  passing  (6.47)  through  a 
6th  order  lag  having  a break  frequency  at  1 rad/sec.  A digital  computer 
program  for  the  solution  was  written  and  the  performance  of  the  6th  order 
lag  system  was  examined. 

estimation  results  are  shown  for  three  separatt;  cases  in  Figs. 
VI-5,  VI-6,  and  VI-7.  The  various  iterations  referred  to  in  the  figure 
captions  may  be  interpreted  as  Indicators  of  different  levels  of  parameter 
magnitudes.  Lover  iteration  numbers  imply  larger  parameter  absolute  values. 
Insets  on  the  figures  list  actual  parameter  values.  The  horizontal  dashed 
lines  represent  the  true  value  of  the  parameter  being  estimated 
while  the  solid  line  represents  the  6th  order  correlation  estimate  of  that 
parameter.  The  slanted  dashed  curve  reflects  correlation  technique 
estimate  error.  The  estimate  is  seen  to  require  approximately  25  sec 
for  convergence.  The  peaks  and  overshoots  shown  in  the  figures  are  due  to 
exponential  decay  terms  in  the  solution  for  which  time  has  not  yet  become 
large  enough  so  that  the  terms  are  small  compared  to  the  constant  parameter 
signal  term.  Estimate  residuals  at  50  sec  for  the  iteration  1,  2,  and  3 
cases  are  0.13(3,  0.69(o,  and  O.OOl'Jj  respectively. 

G-2  Correlation  Technique  Performance — P^  Estimation 

An  example  of  correlator  performance  relative  to  P^  estimation  is 
given  in  Fig.  VI-8.  Using  correlation  function  1 as  specified  by  Tabic 
VI-4  (26.26  Hz),  P^  estimate  convergence  for  the  Iteration  zero  parameter 
set  requires  approximately  27  sec.  The  50  sec  estimate  residual  is  0.70(j 
of  the  parameter's  true  value  as  specified  by  the  inset. 

Correlation  Technique  Pcrformance--P^^  Estimation 

An  example  of  estimator  P^^  estimation  performance  is  given  in 
Fig.  VI-9.  Correlation  function  I6  (5.25  Hz)  was  used  and  convergence 
required  approximately  25  sec.  The  50  sec  error  residual  was  found 
to  be  less  than  0.001^. 
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FIG.  VI-6  P ESTINfATION  — ITERATION  2 
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fig.  VI-9  estimation  — ITERATION  ZERO 
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H.  CONCLUSIONS  KKCAKIJING  A COHIOU-ATION  APPROACH  TO 
OUTPUT  EKKKCTIVE  PARAMETER  (OEP)  IDENTIFICATION 


Output  correlatloti  was  found  to  be  a workable  approacb  to  OEP  estina- 

2 

tlon.  The  basic  correlator,  the  second  order  laj;  or  L system,  was  found 
to  requli’e  a certain  amount  of  upgrading  in  order  to  provide  estimates  of 
the  OEP  which  could  allow  RGG  operation  at  the  1 EU  level.  An  increase 
in  the  order  of  the  lag  was  found  to  be  the  most  direct  method  of  correl- 
ator performance  improvement.  System  order  was  selected  based  upon  the 
following  performance  trades: 

1.  For  a given  frequency  ui  > 1 rad/sec,  higher  order  systems  yield 
lower  sinusoidal  term  magnitudes; 

2.  For  a given  order  of  system  lag,  a wider  frequency  separation 
(larger  w)  yields  a smaller  sinusoidal  term; 

3.  Variation  of  the  ratios  of  the  parameters  to  be  estimated  varies 
the  required  system  order. 


= in'*  (fi.48) 

= 10  rad/sec  (6.49) 

where 


^st  = 

parameter  to  be  estimated. 

(6.50) 

the  OEP  having  maximum  magnitude. 

(6.51) 

W , = 

mi  n 

minimum  frequency  associated  with  the  correlated 
output  torque. 

(6.52) 

a 1%  sinusoidal  error  criterion  dictates  the  selection  of  a 6th  order  lag 
correlator  using  (6.53)  where  k is  the  parameter  of  system  order  defi- 
nition. 


Based  upon  the  assumption  that 


Ul 

m 
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44 


0.01  = 


|p  J (w  . )‘ 

' est ' min 


(6.53) 


A single  platform  rste,  u)  , two  platform  linear  accelerations, 

and  A^ , and  a spin  motor  torque  of  known  frequency,  , form  an 
adequate  input  set  for  estimation  of  all  12  independent  OEPs.  With  input 
frequency  quantized  to  0.1  , minimal  output  frequency  separation  was 

found  to  be  0.1  . Numerous  combinations  of  platform  input  frequencies 

can  provide  parameter  identif iabi 1 ity. 

Sixth  order  lag  correlator  performance  results  indicated  the  possi- 
bility of  RGG  operation  within  the  specified  1 EU  error  bound  using  only 
the  correlator  and  numerical  output  compensation.  The  quality  of  the 
correlator  estimate  of  is  a function  not  only  of  l^jl’  also 

of  the  magnitudes  of  all  the  other  OEPs.  A single  OEP  having  a magnitude 
substantially  larger  than  expected  due,  for  example,  to  manufacturing 
error,  could  result  in  unacceptably  large  errors.  Higher  order  lag  sys- 
tems could  reduce  the  probability  of  such  error  at  the  expense  of  system 
complexit  y. 


H-1  Pivot  Stiffness  Knowle<lgc  Hoquiremcnts 

The  parameter  estimation  techniques  of  this  chapter  and  Chapter  V 
all  assumed  perfect  knowledge  of  the  pivot  stiffnesses  which  combine  to 
form  the  output  error  equation  coefficient  (from  eq.  4.29) 


1 0 0 

^ IT’  IT' 

■^1  *^2 


(6.54) 


Based  upon  the  discussion  which  led  to  (4,29),  the  gravity  gradient  torque, 

T , causes  an  arm  to  arm  relative  deflection  6 which  can  be  written 

kB 


(6.55) 


'J 
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From  (2.24),  a 1 EU  torque  corresponds  to  3,56  x 10  N m.  Hence,  using 
the  data  of  Tabic  H-l,  the  3000  EU  gravity  gradient  torque  produces  an 
arm-to-arm  relative  angular  deflection  equal  to 

= 6.17  X rad.  (6.56) 

KK 

A 1 EU  deflection  corresponds  to 

— 14 

^lEU  " ^ (6.57) 

In  order  for  the  error  In  the  knowledge  of  c to  produce  a negligible 

contribution  to  the  overall  output  error,  a 0.10  EU  error  level  due  to 

this  source  is  defined  as  acceptable.  This  error  contributes  an  extra 

2 

0.01  EU  to  the  total  RGG  output  when  root  sum  with  the  parameter  error 
contribution.  Since  the  stiffnesses  K^,  and  all  have  approximately 

the  same  value,  the  coefficient  c,  for  purposes  of  this  analysis,  is 
written  as 


c + /)p 


Ki  . 


1 -i  2 


%^^0 
Ki  . 


(6.58) 


and  using  the  binomial  expansion 


c + /^ 


1 


+ 2K„ 
0 


K +2K 
I 0 


Using  (6, 55),  (6.57),  and  assuming  that 

^l  = ^0  = ^ ’ 

a 0.10  Kb  output  error  requires  that 


(6,59) 


(6.60) 
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2.06  X 10"^^iad  = - ^ (1.07  x 10~®  N m)  (6.61) 

(K,*2Ko)* 

or 

l/J(|  = 1.92  X 10“^  N m/rad  . (6.62) 

Hence,  in  order  to  assure  the  performance  of  the  estimation  techniques, 
it  is  necessary  to  determine,  during  preassembly  test,  each  pivot  stiff- 
ness to  approximately  40  parts  per  million. 


! 
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Chapter  VII 


ACTIVE  PARAMETER  CONTROL 


A.  INTRODUCTION 

In  Chapters  V and  VI , two  separate  approaches  to  RGG  parameter 
estimation  were  Investigated.  It  was  concluded  that  (Ch.  Ill)  for  a 
RGG  manufactured  to  the  specified  tolerances,  simple  numerical  compensa- 
tion of  RGG  output  was  a risky  approach  to  achieving  operation  at  an 
error  level  less  than  1 EU,  given  current  state  of  the  art  sensors  and 
electronics.  An  active  parameter  control  mechanism  within  the  RGG 
system  Itself  greatly  enhances  the  likelihood  that  the  RGG  will  achieve 
the  1 EU  design  goal.  In  this  chapter  such  a control  system  Is  de- 
fined and  elaborated  upon  through  a simple  example. 

B.  SELECTION  OF  A METHM)  OF  CONTROL 

All  output  effective  parameters  (C£P)  are  direct  functions  of  either 
arm  mass,  arm  mass  center  position,  or  combinations  of  these  physical 
parameters.  This  statement  Is  obviously  true  with  respect  to  parameters 
1 to  7,  and  11  and  12,  and  Is  here  postulated  without  proof  for  OEP  13, 
the  "Yankee  screwdriver"  torque  parameter.  That  arm  mass  and  mass 
position  also  effect  the  elasticity  related  parameters  (A-17)  will  be 
demonstrated  In  Chapters  VIII  and  IX.  Given  these  dependences  among 
RGG  arm  nass  and  the  error  producing  OEP,  two  alternative  methods  for 
active  parameter  control  are  suggested: 

(1)  Mass  reduction  or  addition,  such  as  laser  mass  removal  and 
masa  sputtering; 

(2)  Arm  mass  redistribution. 

Maaa  Removal  Techniques 

The  concept  of  active,  on-line  mass  removal  or  addition  for  instru- 
ment parameter  control  Is  not  new.  McKinley  [MC-1]  In  1968  demonstrated 
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both  thsoretlcally  and  experimentally  the  practicality  of  mass  removal 
by  laser  as  a method  for  orienting  the  principal  axes  of  a spherical 
rotor  gyro.  In  theory,  this  approach  Is  a valid  candidate  for  use  with 
the  RGG,  Several  practical  considerations,  however,  mal^e  this  approach 
unattractive.  Firstly,  temperature  gradients  within  the  RGG  case  must 
be  less  than  0.01  *C  m.  Secondly,  both  the  laser  and  sputtering 
processes  create  residues  which  are  not  controlled  and  could  be  un- 
favorably deposited  on  the  Instrument.  Finally,  the  RGG  must  be  kept 
compact.  A laser  would  be  a relatively  bulky  addition  to  the  system 
as  well  as  one  which  would  require  significant  power  for  operation. 

Mass  Motion  Compensation 

Satellite  dynamics  compensation  using  mass  motion  within  a system 
was  demonstrated  by  Lorell  [LO-1]  in  1971.  Mass  redistribution  Is  not 
subject  to  the  detrimental  side  effects  of  mass  removal.  Finally,  the 
design  of  the  Hughes'  instrument  already  includes  mass  balance  tubes  which 
can  relocate  mass.  The  question  remains  as  to  where  the  mass  motion 
devices  should  be  located  to  be  most  effective  and  what  commands  should 
be  sent  once  an  estimate  of  the  OEP  vector  has  been  made. 


C.  COhfTROL  LAW  DEVELO.'MENT 

In  Chapter  Iv  It  was  pointed  out  that  the  instrument  output  error 
torque  could  be  driven  to  zero  If  the  vector  of  output  effective  para- 
meters could  likewise  be  driven  to  zero.  This  vector  cannot  be  driven 
totally  :o  zero  sine  Is,  nominally,  the  parameter  which  provides 

the  gravity  gradient  signal  [PE-1].  All  other  QEPs,  however,  have 
nominal  values  equal  to  zero.  Defining 

P...  * nominal  value  of  P^ 

JO  J 

(7-1) 


the  error  AT  In  inatrument  output  can  be  minimized  if  the  vector  ZJ* 
z 
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Is  driven  to  zero.  Treating  the  mass  movements  as  controls  and  the 
OEPs  as  states,  various  cost  functions  can  be  defined.  A least  squares 
Control  criterion  Is  simple  and  adequate.  The  parameter  control  problem 
may  be  stated  as  follows; 

• Given  the  vector  of  output  effective  parameters,  P,  or  equiva- 
lently, the  vector  and 

• given  a set  of  controls  which  may  be  expressed  as  the  vector  Ax, 

• ven  a defining  relationship  between  the  vectors  AP  and  Ax, 

• min  J (Ax)^B(Ax)  (7.2) 

subject  to  the  constraint  -AP  = F Ax.  (7.3) 

The  vector  AP  Is  taken  to  have  dimension  n.  The  vector  Ax  has 
dimension  m,  and 


o > D. 


(7.4) 


This  Is  the  classical  least  squares  minimization  probelm  for  a system 
which  Is  under-determined  in  Ax.  The  Hamiltonian,  Jj  (with  B taken 
to  be  the  Identity  matrix,  Is 


Then 


and 


*1=1  (^)''''(Ax)  a'^CaP  + fax) 


= (Ax)  + A F , 

dAX 


(A«)  a -F'K  . 


(7.5) 

(7.6) 

(7.7) 


Substitution  of  (7.7)  into  (7.3)  yields 

+AP  = 


(7.8) 


when  Ax  Is  assumed  equal  to  x.  In  order  to  guarantee  that  the 
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paraaeter  vector  ^ can  be  driven  to  zero,  it  is  necessary  for  the 
control  system  to  have  the  capability  to  adjust  any  parameter  of  group 
of  parameters  while  the  others  remain  undisturbed.  When  this  capacity 
for  arbitrary  parameter  adjustment  exists,  the  system  is  said  to  be 
controllable.  Mathematically,  the  requirement  for  parameter  controlla- 
bility is  that  the  sensitivity  matrix  F have  rank  n.  It  has  been 
assumed  in  this  discussion  that  controller  specification  and  design  are 

such  that  the  n x m matrix  F has  rank  n.  It  follows  from  this 

T -1 

assumption  that  the  matrix  (FF  ) exists,  yielding 


^ « +(FF  )"^AP  . 

Substitution  of  (7.9)  into  (7,7)  then  yields 

dx  = -f'*'(ff^)"^z^  . (7.10) 


Equation  (7.10)  is  the  standard  least  squares  solution  for  a system 
which  ir>  under-determined  with  respect  to  the  parameter  vector 
It  is  worthwhile  at  this  time  to  point  out  an  Interesting  duality  between 
least  squares  parameter  estimation  and  least  squares  parameter  control. 
Consider  again  the  stated  problem,  but  this  time  define  two  distinct 
conditions:  (1)  n ^ m;  (2)  n < m. 


The  first  of  these  conditions,  which  is  referred  to  as  over-deter- 
mined in  Ax,  is  widely  used  for  estimation  of  the  parameter  vector 
Ax.  The  number  m of  parameters  is  fixed.  For  n > m the  solution 
for  the  estimate  of  Ax  is  unique.  This  uniqueness  is  intuitively 
acceptable  since  all  observations  are  based  upon  the  same  set  of  para- 
meters. As  more  independent  observations  are  added  (n  Increased), 

the  covariance  matrix  associated  with  the  errors  in  the  estimates  of 
the  pararieters  decreases  [LI-l],  The  extra  observations  (n  - m)  reduce 
the  effect  of  sensor  noise  upon  the  parameter  estimates. 


In  Contrast  to  the  case  of  parameter  estimation,  a system  which  is 
under-denermined  in  Ax  (n  < m)  is  preferable  for  parameter  control. 
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For  this  case,  the  observation  vector  represents  the  vector  of 

system  parameters  to  be  controlled.  Hence,  n has  a fixed  value.  The 
vector  Ax  represents  increments  to  the  various  control  mechanisms. 

By  adding  additional  controls,  the  size  of  m can  be  increased.  For 
the  case  where  n < m,  the  solution  to  (7.2)  and  (7,3)  is  not  unique. 

As  the  number  of  controls  m is  increased,  the  number  of  possible  solu- 
tions to  (7.3)  generally  increases.  This  is  a desirable  result  since 
more  candidate  solutions  to  the  constraint  equations  yield  more  candidate 
solutions  for  cost  function  minimization.  As  more  control  mechanisms 
are  added,  the  absolute  value  of  the  control  output,  1ax.|  which  must 
be  provided  by  any  one  control  mechanism,  can  be  expected  to  decrease. 

To  summarize,  for  least  squares  parameter  estimation  of  Ax,  the  system 
should  be  over-determined  in  Ax  for  best  performance;  i.e,,  the  ob- 
servation vector  should  have  fewer  components  than  the  control 

vector  (Ax)  For  system  controllability,  it  is  necessary  and  suffi- 

mXi 

cient  that  the  coefficient  matrix  F have  rank  n.  This  discussion 

nxm 

is  given  in  tabular  form  in  Table  VII-1. 


D.  EXAMPLE  OF  UNDER-DETERMINED  LEAST  SQUARES 
PARAMETER  CONTROL 


As  a numerical  example  of  control  by  under-determined  least  squares, 
let  the  parameter  vector  AP  be 


AP 


(7.11) 


and  let  the  sensitivity  matrix 


(7.12) 


-217- 


satisfy  the  constraint  equation 


AP  = -F[Ax]  . 


(7.13) 


It  Is  desired  to  find  a control  vector  Ax..,,  satisfying  (7.13)  while 

4X1 

minimizing  the  quadratic  cost  function 


J 


1 A T, 
^ Ax  AX 


(7.14) 


The  control  vector  Ax,  specified  by  (7.15)  was  calculated  from  (7.10). 

= -[0.51748,  -1.005,  -0.10939  , 0.86064]. 

(7.15) 


The  vector  Ax  of  (7.15)  satisfies  (7.13)  with 

J = 1.015  . (7.16) 

The  vector  specified  by  (7.15)  is  not  unique  in  its  satisfaction  of  (7.13). 
The  solution 

[Ax]^  = -]1.57,  -1.3,  0.84,  0]  (7.17) 

also  satisfies  (7.13).  Note,  however,  that  the  cost  function  J asso<ii- 
ated  witn  Cx  as  specified  by  (7.17)  is  2.43,  a more  than  twice  the 
value  which  resulted  from  the  least  squares  solution.  The  value  of  Ax 
as  given  by  (7.17)  Is  therefore  extraneous. 
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Chapter  VIII 


EXTENSION  OF  THE  INSTRUMENT  MODEL  TO  ^ CONTROL 
COMPATIBLE  FORM 


A.  INTRODUCTION 


Under-determined  least  squares  control  is  an  attractive  approach 
to  the  RGG  parameter  control  problem.  It  is  conceptually  simple,  and 
It  is  nondestructive.  In  this  chapter,  the  output  effective  parameter 
(OEP)  vector  is  rewritten  in  terms  of  basic  instrument  physical  quan- 
tities so  as  to  demonstrate  OEP  reachability  using  this  control  law, 

A parameter  P is  said  to  be  reachable  by  a control  C if  hPfbC  has 
a nonzero  value.  Parameter  reachability  is  a necessary  condition  for 
parameter  controllability.  The  operating  principle  of  the  control  system 
is  simple  repositioning  of  a set  of  amll  control  masses  along  a set 
of  prescribed  axes  so  as  to  change  arm  mass  center  and  Inertia  character- 
istics. A significant  result  of  the  analysis  presented  in  this  chapter 
is  that  such  mass  repositioning  can  also  be  used  precision  matching 

of  arm  lateral  and  axial  elastic  properties. 


In  order  to  investigate  the  applicability  epositioning  as 

an  approach  to  CEP  control,  it  was  necessary  to  ss  the  OEP  as 

functions  of  arm  mass  and  arm  mass  position.  Parameters  described  in 
this  manner  are  referred  to  as  being  written  in  control  compatible  form. 
The  dumbbell  arm  model  used  to  describe  the  RGG  arms  in  earlier  sec- 
tions of  this  analysis  offered  too  few  degrees  of  freedom  among  the 
various  arm  inertia  and  mass  center  properties  to  provide  arbitrary 
values  of  the  OEP.  The  four  dumbbell  masses  were  therefore  replaced  by 
16  nomirally  Identical  masses  which  are  referred  to  as  'model-masses.' 

In  addlCion,  odd  and  even  arm  terminology  has  been  supplanted  by  reference 
to  a four-arm  sensor  model  when  convenient.  This  revision  from  a two- 
to  four-arm  instrument  model  is  particularly  useful  in  our  Chapter  IX 
discussion  of  arm  compliance  control  using  mass  redistribution.  The 
instrument  arm  model  revision  permits  each  of  the  four  model-masses 


1 


n 
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located  on  each  of  the  four  Instrument  arms  to  be  perturbed  independently 
with  respect  to  both  mass  and  position.  A conceptural  drawing  depicting 
model-mass  placement  Is  given  In  Fig.  VIIl-l. 


FIG.  VlII-l  SIXTEEN  MOOEb-MASS  COW I CURAT I ON  FOR  RGG  PROOF  MASS, 


Each  arm  has  y properties  (;<  mass  center  an<l  <>  inertia)  which  can  effect 
the  OEP.  The  16  moilel-mass  arms  therefore  provide  an  analytical  means 
for  arbitrary  mass,  mass  center,  and  inertia  tensor  specification, 

Nooilnal  numerical  data  for  the  16-mass  configuration  are  given  In 
Table  VIII-1.  In  the  Table,  the  various  model  masses  are  listed  in 
accordance  with  their  respective  subscripts.  Hence,  the  mass  of 
appears  in  row  1,  column  1 of  the  instrument  sub-mass  matrix.  The  mass 
of  m appears  in  row  3,  column  4 of  that  matrix. 


a.  EXPRESSION  OF  ARM  MASS  CENTERS  AND  INERTIAS 
IN  CONTROL  C0MPATIB1£  FORM 


The  output  torque  errors  induced  by  the  output  effective  parameters 
are  sensed  by  the  RGG  in  the  elastic  (or  sensor)  reference  frame.  In 
order  to  provide  for  simple  calculation  of  the  control,  the  direction 
of  motion  of  each  control  mass  is  nominally  along  one  of  the  sensor  axis 
system  reference  directions.  To  write  the  mass  center  and  inertia  re- 
lated parameters  in  control  compatible  form,  it  was  necessary  only  to 
express  the  arm  mass  center  locations  and  inertia  tensor  components 
relative  to  the  origin  of  the  sensor  axis  system  and  to  perform  the  OEP 
in  terms  of  these  new  expressions.  Each  model-mass  and  model-mass  posi- 
tion is  accompanied  by  two  subscripts.  These  subscripts  are  defined  by 
expressions  (8.1)  and  (8,2), 


m 


u 


model-mass  of  the  arm 


(8.1) 


X 


IJ 


X component  of  the  position  of  the  (8.2) 

model-mass  of  the  i^^  arm  relative 
to  the  sensor  frame. 


_1 . Odd  Arm  Mass  Center  and  Inertia  Components 

Using  the  definitions  of  expressions  (8.1)  and  (6.2),  the  mass 
centers,  o,  and  Inertia  tensor  components,  I,  of  the  odd  arm  are 
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8,4 


are  expressed  relative  to  the  sensor  axis  system  by  (8.3)  through  (8.11). 


P 


xo 


P 

yo 


P 

zo 


SOo. 

11 

31 

Dn  y . 

+- 

Sni„.y„. 

11  11 

31  31 

M 

0 

M 

B 

N 

+ 

Sni-.*-. 

11  11 

31  31 

I 

xxo 


31  ^ 


^z.o  = ^ (yu'V^  ^ ^ (^ar'^zo^ 


I 

xho 


= Zn  [(x  -D  )(y,-o  ) ^ 

H 11  xo  11  yo  31  31  xo  31 


P ) 
yo 


I = Ss.  (x  -0  )(*,."P,„)  + Sn  (x  -0  )(z  -p  ) 

xzo  11  11  xo  11  zo  31  31  xo  31  zo 


(8.3) 


(8.4) 


(8.5) 


(8.6) 


] (8.7) 


] (8.8) 


(8.9) 


(8.10) 
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(3.U) 
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2.  Even  Arm  Maas  Center  and  Inertia  Components 

The  expressions  for  the  even  arm  mass  center  and  inertia  tensor 

components  are  similar  to  those  developed  for  the  odd  arm.  Examples  of 

the  even  arm  equations,  for  d , I > I given  in  (8.12)  to 

' xe  yy®  X*® 

(8.14). 


xe 


^21-21  ^ 

2k  + 2jB. 

21  4i 


(8.12) 


I 

yye 


^21^^’'21  " ^ ^*21  - 


* ^41^(*4i  - ^xe^^  ^ (*41  - 


(8.13) 


I 

xxe 


^2l'<’'2l 


- »J‘*21 


■ °xe><'41 


(8.14) 


C.  ARM  COMPLIANCE  MODEL  DEVELOPMENT 

In  order  to  express  the  compliance  related  OEP  in  control  compati- 
ble form,  it  was  necessary  to  extend  the  four  arm  Instrument  proof-mass 
model  to  one  additional  level  of  sophistication  so  as  to  account  nominally 
for  isoe.astic  arm  design.  The  model  used  was  suggested  by  Ames  [AM-1], 
and  is  shown  schematically  in  Fig.  VIII-2.  For  purposes  of  compliance 
calculation,  the  mass  is  assumed  to  be  concentrated  at  the  position  shown 
in  Fig.  VIII-2.  Cross-hatched  areas  are  assumed  rigid  and  the  support 
shaft  is  assumed  isoelastic.  The  unmar)ced  areas  shown  with  centerlines 
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Section 

Value 

Section 

Value 

a 

0.500 

(in. ) 

0.250 

(in.  ) 

b 

0.200 

(in. ) 

\ 

w 

0.290 

(in.  ) 

1 

c 

0.700 

(in.  ) 

c 

d 

0.600 

(in. ) (estimate) 

w 

1 

0.250 

(in.  ) 

e 

1.181 

(in. ) 

t 

0.250 

(in.  ) 

i 

1.243 

(in.  ) 

7 

2 

E 

3X10 

(Ibj/in.  ) (est.) 

w 

0.290 

a 

7 2 

G 

1.25X10  (Ibj/in.  ) (est.) 

FIG.  VII 1-2 

ISOELASTIC 

ARM  MODEL 

(ODD  ARM) 

are  assumed  compliant  in  axial 

compression 

, bending,  and  shear.  A 

three- 

dimensional  representation  of 

the  isoelastic  odd 

arm  is  shown  with 

model 

masses 

in  Fig. 

VIII-3. 
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8/7 

Arm  compliance  was  calculated  using  Castigliano' s Energy  Meth..d  rn(>-.n 
Equations  relating  stralng  energy  to  moment  and  shear  and  axial  load 
are  given  by  (8,15  to  (8,17). 


Band  1 ng : 


(8.15) 


Shear: 


U 


(8.16) 
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1 r 

Axial;  " = 2 3 EA  ***  • 


(8.17) 


The  terms  appearing  in  (8.21)  to  (8.23)  are  defined  below; 
U total  member  strain  energy 
L total  member  length 

M moment  acting  upon  the  stressed  member 
V shear  force  acting  upon  the  stressed  member 
P discrete  load  acting  upon  the  stressed  member 
A member  cross-sectional  area 


I member  area  moment  of  Inertia 


E member  elastic  modulus 


G member  shear  modulus. 


D.  AXIAL  ARM  COMPLIANCE  CALCULATION 


The  arm  loads  and  support  diagram  for  an  arm  subject  to  axial  load- 
ing Is  given  in  Fig.  VIIl-4. 


_1 . Segment  b Strain  Energy — Axial  Loading 

Segment  b is  assumed  subject  to  axial  loading  only.  Given  this 
assumption,  segment  b strain  energy  Is 


(2)(J)  j ^ Ihpf  dx 


•'o  b 


(8.18) 


(8.19) 


9 


FIG.  VIII-4  LOAD  AND  SUPPORT  DIAGRAM  FOR  AXIALLY  LQAMID  ARM. 


Segment  a Strain  Energy — Axial  Loading 

Under  conditions  of  purely  axial  arm  loading,  segment  a strain  energy 
is  assumed  to  result  from  member  bending  only.  Based  upon  this  assumption, 

Uaa  = (2)(i)  \ ~ [iPxl^dx  (6.20) 

a 

or 

U = — P^a^  . (8.21) 

““  Etw^ 
a 

.3.  Segment  e Strain  Energy — Axial  Loading 

Segmant  e has  constant  thickness  t and  lateral  geometry  as 
shown  in  Fig.  VlII-5  with 


P 


eo 


c)  , 


(8.22) 


segment  e strain  energy  is 
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(8.23) 


U 

ea 


dx  . 


Substitution  for  A as 


A(x) 


t c + 0 


yields 


(8.24) 


U 

ea 


2 

P 


[jen(c  + 


In  c]  , 


(8.25) 


or 


in(l  - p)  . 


(8.26) 


FIG,  VI I 1-5  SEGMENT  e LATERAL  GEOMETRY 
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4 . Total  Axial  Strain  Energy — Axial  Loading 

The  total  axial  load  strain  energy  Introduced  Into  the  arm  Is  the 
summation  of  (8,19),  (8.21),  and  (8.26). 


U 

a 


I b 
I 


+ 


~(-^\in(l  - p)jp^ 
2EtVp»^;  ) 


(8,27) 


5. 


Axial  Load  Compliance 

Arm  compliance  due  to  an  applied  axial  load  Is 


dU 

C = — S . 
“ dP 

Hence,  from  (8.27) 


(8.28) 


C 

a 


£n(l  - p) 


(8.29) 


E.  LATERAL  ARM  COMPLIANCE  CAUCULATION 

The  arm  loads  and  support  diagram  for  an  arm  subject  to  lateral  load 
ing  la  given  in  Fig.  VriI-6. 

1,  Segment  b Strain  Energy — Lateral  Loading 

Under  conditions  of  lateral  arm  loading,  arm  segment  b is  assumed 
subject  lo  bending,  shear,  and  axial  disturbances.  Hence 
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BIG.  VII 1-6  LOAD  AND  SUPPORT  DIAGRAM  FOR  LATERALLY  LOADED  ARM 


S [iPxl^dx  + 2(i)  ( ■—  [iP]^dx 

■’o  b /A  K 


b 



o b 


(8.30) 


b r 1 

i es-  —4: 

o b 2(  a + — ) J 


dx  , 


and 


(8.31) 


2.  Segment  a Strain  Energy — Lateral  Loading 

Under  conditions  oT  lateral  arm  loading,  segment  a strain  energy 
is  assumed  to  result  from  the  axial  loading  of  the  member  only.  There- 
fore 


o a 


(8.32) 
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I 2 

U . = P a 

4Etw 

a 


(8.33) 


_3,  Segment  1 Strain  Energy — Lateral  Loading 

Under  conditions  of  lateral  arm  loading,  segment  1 is  assumed 
subject  only  to  axial  loads.  Hence,  segment  1 strain  energy  may  be 


written 


= 2(i)  ( irf — 

’o  ^i[2(a+|) 


(8.34) 


r C 

4Etw^[a  + -] 


2 2, 
Pdf. 


(8.35) 


Segment  e Strain  Energy  Lateral  Loading 

Under  conditions  of  purely  lateral  arm  loading,  segment  e strain 
energy  Is  assumed  due  to  member  bending  only.  Therefore, 


where 


e „ 2 


It  If  j 

“.t  ■ 1 \ IT 


. pVn  ♦ , 


(8.36) 


(8.37) 


(8.38) 


Defining 
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z 


& 


> 


(8.36)  may  be  rewritten  as 


» 


.e  . , e 2 ^ „ e 

dx  ^ 1_  r X dx  2 xax 

I [A+Bx]^  J [A+Bx]^  ^ [A+Bx]^ 

o o o 


where 


and 


Integration  of  (8.40)  and  substitution  for  A and  B yields 


and  with 


3P^  r e ^ ^ 


e£ 


Et  I eo 


(b)2  (d-2) 


(l-p)‘ 


^ -3  [-£n(l-p)+2(l.o)-  - 1.5 

0 


t b;  2 \ ,b,2  {0-2)  2 r . / , , (1-0)^ 

- ■s'r;*  - <;'  r-;? " -5  - 1, 

(l-p)  p L 


Lateral  Load  Strain  Energy 

From  (8.30),  (8.33),  (8.35),  and  (8.43),  the  total  arm  lateral 
strain  energy  Is 


(8.39) 

(8.40) 

(8.41) 

(8.42) 

(8.43) 

5] 

(8.44) 

(8.45) 

load 
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or 


Et 


2 

^,b  v3  bE  d b a 

'*  * 40m  ^ / C\2  ^ 4w 

'b  b 4wja+-)  a 


4w  I a + - J eo  y 


(e.46) 


4Gw^  ^ r u. 
b b 4Wj^(  a + ^; 


P_ 

Et 


. 


* ^ K 

4*  w , 

a eo  ^ 


(3.47) 


6,  Lateral  Load  Arm  Compliance 
Since 


au. 


SP 


p=i 


(3.48) 


the  lateral  load  arm  compliance  is 


- hi 


r./b  .3  bE  d^(b  i-  £)  '^ 


a 

2« 


e ,3 


[tZ  « W 


eo 


(8.49) 


r,  4RM  COMPLIANCE  CALCULATION 

Given  the  arm  dimeniiionh  as  listed  in  Fig.  VIII-2,  the  isoelastic 
nature  of  the  arm  can  be  demonstrated  using  (8.29)  and  (8.49).  For  the 
case  of  ixial  loading,  from  (8.29), 
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1- 


Et  i 3 2v,^  o* 


(— — ) in(l  - p))  , 


•nd  substitution  from  Fig.  VIII-2  yields 


C = T {10.239  + 0.40  + 1.193} 

“ 7.5X10® 


(8.50) 


C = 1.5777  X 10  ft/lb,  , 

a 1 


(8.51) 


C = 1.0811  X 10  m N . 

a 


(8,52) 


For  the  case  of  the  laterally  loaded  arm,  from  (8.49), 


„,b  ^3  IE 

2(— ) + 


S d (b  + i 

r ^ — r — ^ 


a eo 


7.5X10 


[1.024  + 0.96  + 1.438  + 0.862  + 7.549]  (8.53) 


= 1.5777  X 10“  ft/lb^  , 


(8.54) 


1.0811  X 10  m N. 


(8.55) 


G.  PEP  FORMULATION  IN  C(»<TR0L  COMPATIBLE  FORM 

Given  the  arm  mass  center  and  Inertia  representations  presented  In 
Section  B,  representation  of  OEP  1 through  12  In  control  compatible  form 
Is  complete.  The  compliances  derived  tor  arm  axial  and  lateral  loading  are 
Interpreted  as  arm  principal  axis  compliances. 
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17 


For  the  odd  arm, 


♦ 

XX 


= C 

a 


yy 


1 I 1 11“!-!  " Va 

2‘a  »fl^  't 


where 


b E 
o o 

^ ^ 

o bo 


K 

o 


(8,56) 


(8.57) 


(8. 5a) 


with  K defined  by  (8.44).  ♦ Is  defined  equal  to  1.71  based  cn 

'Imt, 

Ref.  AM-1.  A precise  analytical  model  for  Is  not  needed  since 

Is  not  a principal  contributor  to  the  sensor  output  torque  error. 

For  the  even  arm, 


¥ 


XX 


ill!  \’"A  ^ rbt*-|  ^ 

I V4)  I 21"  *1'^  L*  i 


K 


(8.59) 


where 


IK 

e 


& 


b E 
e e 

G *'u 
e be 


(8.60) 


if  = C (8,61) 

yy  a 


♦ 


zz 


A 


1.71 


(8.62) 


Theme  definitions  complete  the  expression  of  the  OEP  vector  In  control 
coepmtlblf  form. 
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H.  COARSE  CONTROL  OF  ARM  COMPLIANCES 


The  error  tolerances  associated  with  arm  elasticity  are  minute. 
Prior  tc  RGG  assembly,  each  instrument  arm  will  be  tested  in  the  labor- 
atory to  assure  both  arn>-to-arm  and  axis-to-axls  compliance  symmetry. 
Examination  of  compliance  equations  (8.29)  and  (8,29),  and  Fig.  VIII-2 
indicate  that  coarse,  preassembly  compliance  matching  can  be  achieved 

by  mass  removal.  The  dimensions  w and  w are  the  most  likely  candi- 

a b 

dates  for  change  by  mass  removal.  Except  for  mass  center  distance,  d, 

it  will  be  relatively  difficult  to  modify  any  of  the  face  dimensions 

(a.  b.  c.  e.  1)  once  the  arm  has  been  machined.  The  widths,  w and  w.  , 
’ ’ ’ a b 

however,  could  be  modified  by  further  machining  or  laser  techniques. 
From  (8.29)  and  (8.49) 


dc  ba^ 

a _ 

dw  Et 


(8.63) 


dc 

a 

ow 

^b 

3;r 

a 


b -1 
2Et  *b 


a -1 
— w 
2Et  a 


(8.64) 


(b.65) 


6b^  -4 

Et  *b  “ Et)2G  ^ 


d^(b4-i)  I 
2(a  + ) 


(8.66) 


Using  the  data  of  Fig.  VIII-2,  numerical  values  for  these  partial  deriva- 
tives are  listed  in  Table  VIII-2. 
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Table  VllI-2 


PARTIAL  DERIVATIVES  OF  ARM  COMPLIANCE  WITH  R'^SPECT 


TO  MEMBER 

WIDTHS  w AND 

a b 

Component 

m 

^ /dw 

a a 

-4.577  X lo"^ 

-3.101  X lo"^ 

-1.439  X 

-2.007  X lo"^ 

Am  compliances  can  be  changed  according  to  (8.67). 


flic  ' 

■ 

dc  /ow 

a a 

Aw 

a 

1 

ocjdik 

1 a 

Aw 

b 

(8.67) 


Since  the  determinant  of  the  partial  derivative  Is  nonzero,  the  inverse 
exists,  and 


2261  -1.366 

AC 

a 

s 

1 

JQ 

-3.376  4983 

AC 

(8.  68) 


To  first  srder  Aw  can  be  used  to  provide  coarse  control  of  C while 
a a 

can  be  used  to  provide  coarse  control  of  C^, 

It  if  also  possible  to  balance  compliances  by  changing  the  face  dimen- 
sion d,  since 


wbi  le 
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(8.69) 


20 


Chapter  IX 


OUTPUT  EFFECTIVE  PARAMETER  CONTROL  USING  UNDER- 


0.0519 


0.0124 

i 


FIG.  IX- 1 CONTROL  MASS  PLACEMENT — ODD  ARM 
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nKSOllO  FMOI  BUMUMOr  n. 


Indicated  by  the  arrows  of  the  fi{(ure«  Masses  7 and  14  are  capable  of 
motion  in  a direction  parallel  to  the  sensor  z axis  (spin  axis). 
Table  IX— 1 lists  nominal  mass  values  and  positions  relative  to  sensor 
axes  for  each  control  mass.  The  control  system  configurations  for  both 
arms  are  given  in  Figs,  IX-2  and  IX-3, 


Table  IX-1 

CONTROL  MASS  VALUES  (grams)  AND  POSITIONS  (meters) 


CCIkTta  CiTA  QCO  AAtt  iSfNSC*  AIESI 


c. i(C(d:ccc 

0« 10COJ>OOU  *'0/ 
U I tCluwtLO  >'02 
C.2CCC1QCCC  -QI 
C.  lCOOOOOOO  -02 
C.ICCCCCCCC  -C2 
C.KCCOOOO''  >'02 
C.  2CCCC00C'.  -C2 
0.  I COfOOOO  ' >-02 
(•KdCCCOC  '02 
0.2CCCOU000  '-€2 
C.  UC(C0CC0«*'02 
0.lCCCOOtOU>'C2 
0*  UCCOOCCO  'V2 


I 

C.51 9922C00D>0| 
C.51 A922C000-01 
O.^l  tt'«22COOU*Oi 
C.5I6924C0C0'0| 
0.91 e922COOO-Ol 
0.91 8922C0CO'Ct 
0.60  190900CQ-01 
-0.91 e922(COO-Cl 
-0.91 9922COOO'Qt 
-0.91 09220000 -01 
-C.9I0922COQO-OI 
-0.91 0922COGO-O1 
-0.910924(000-01 
-O.AOI909000C-01 


Y 

O.OOOCCCOOOO  00 
0.123(2*OOCO-CI 
O.129029UUUU-O1 
0.(C(((CO0CO  CO 
-O.12i029OOOO-Cl 
-0.12)8290000-01 
O.OOOCCOOOOO  00 
-O.OOCCCOOOOO  00 
0.12304*0000-01 
0.12)0290000-01 
-O.OOCCCOOOCO  CO 
-0.  UI029OOOO-O1 
-0. 123f29QOCO-Cl 
-O.OOCCCOOOOO  CC 


2 

0.299a00000C-0l 
0.29900000CC-01  ! 

-0  .299OCUUCLC-0 1 j 
•0.299OU0O0CC-O1  1 

-C.299CC00CC0-01  I 
C.299000000C-0I  | 

C.COOOUOOCCO  OC  ) 
0.29900000CC-01  I 
C.299COOOC<0-CI 
-0.29AOOOOOOC-01  I 
-0.299000000C-01  ) 

-0.2990000000-01  ! 

0.294000000C-01  { 

-O.OOQOOOOOCO  OC 


CC9l8a  DATA  — iVfN  ARM  ISENSOR  AIESI 


• ASS 

C.2CCC0Ut00l  *02 
C.lCCCOIOOCt -02 
C.  I f CCT.irCCl  -02 
C.2l.-(^-CC0^-02 
C.  UCOCCCC  -C2 
C.KCCCjCOC  -02 
€•  l(C(0CCCa)-C2 
C.2<CC000CV».g2 
C.  1 (i.(CCCCCU*C2 
O.ICCCO J000( -02 
0.2(i(0(((Cw/-C2 
C« IC((C0C0C0-C2 
O.lCCCOOCOOO-02 
C.  ICC(OOCOCO-C2 


I 

0.C0C0G(C0C0  OC 
-O.  12  34290UOO-O1 
-0.l2)82!CCa)-Cl 
O.OOOOCCQUCO  OC 
C.  12  ie2!€CCC- 01 
0.12  U230C0U-01 
C.OOCCCCCOCO  OC 

o.oocccccccn  cc 

-0. 12  J02*COOO-O1 
-0.  12  384*C0U)-01 

o.ooaooooooc  oo 

0.  12  )829C0U)  -01 
0.12  )82!0000-0l 
C.OOCCCtCOCO  CO 


Y 

C.!l(92200CO*Cl 

0.9189220000-01 

0.91(S220OCn-Cl 

0.9U92200C0-Ct 

0.9109220000-01 

0.9109220000-Cl 

0.60)9090000-01 

-C.9I0922OOCD-O1 

-0.9109220000-01 

-0. 91f <22oaco-ci 

-0.9109220000-Ql 

•0.91A9220000-CI 

-0.9109220000-01 

-0.40)9090000-01 


2 

0.29900000CC-OI 
0.299C000C(C-01 
-C,?990C000CC-0l 
-C.^590000CtU-Cl 
-0..’9900000CC-01 
0./99CCOOCCO-O1 
O.OOOOOOOOOC  00 
0.299C0OO0CC-01 
0.29900000CC-01 
-C.29900000CC-Ot 
-0.2990OJO0CO-01 
-0.299000000C-01 
0.2990COOC(0-C1 
•O.OOOOOOOOOC  00 
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9, 


FIG.  IX-2  ODD  ARM  CONTROL  SYSTEM  NOMINAL  CONFIGURATION 
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IS  HASS 

CONTKOL 


1_.  Arm  Physical  Characteristics 

Th«!  inclusion  of  control  masses  alters  arm  physical  properties 
slightly  from  those  listed  in  Ch.  VIII.  Arm  mass  center  and  inertia 
tensor  components  relative  to  the  sensor  reference  system  are  given  in 
(9.1)  to  (9.9)  for  the  sensor  odd  arm.  Comparison  with  the  similar  ex- 
pressions of  Ch.  VIII  indicates  the  effect  of  the  control  masses  on  the 
parameters  and  hence,  also  reachability. 


xo 


Sb,  .X,  +•  + 3m  . 

11  11 31  31  cl  cl 

Zb,  . + Zm., . + Zm  ^ 

11  31  cl 


(9.1) 


yo 


* "*31  * "*ol 


(9.2) 


ZO 


11  11 31  31 cl  cl 

Zm  +•  Zm  + Zm 

11  31  cl 


(9.3) 


xxo 


4 

Z m 
1=1 


11 


yyo 


l5l 


J1  ^xo'  '-Jl  ■^zo' 
2 


]-,i 

J Jl  "oi[<!'cr» 

1 ♦ <1  fi 

J 1=1  ciL 


<>'3r°yo>' 


\ 2 / \ 2 
) + (z  -p  ) 

yo  cl  ZO 


(9.4) 

1^ 


(*  3-P,„) 

cl  ZO 


I 

} 


(9.5) 


J = 1,  3 


zzo 


iJl  * ('jl-V’i  * 


‘■‘cl-Oxo’' 


* <*cr‘’.o>‘i>  J - ‘’3 


(9.6) 
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xyo 


xzo 


- Z m (x  -0  )(y  . -0  ) - Zm  r(x  -p  )(y  -p  )] , (9.7) 

i=l  ji  Jl  xo  Ji  yo  l=lciL  ci  xo  -^ci  yo  J ' 

J - 1,  3 


14 


■ 21  in  (x  -p  )(z  -p  ) - Z m .(x  -p  )(z  -p  ) , (9.8) 

1=1  ji  Ji  xo  ji  z 1=1  cl  ci  xo  ci  zo  * 

J = 1,  3 


I 

yzo 


4 14 

“ 2^™  .(y.i'P  )(*  ."P  ) - Z m (y  ■ 

1=1  Ji  ji  yo  Ji  zo  1=1  ci  ci 


p )(z  -p  ), 
yo  cl  zo  ' 


(9.9) 


J = 1,  3 . 

Equations  analogous  to  (9.1)  to  (9.9)  were  developed  for  the  even 
arm  but  have  not  been  included.  Equations  (9.1)  to  (9.9)  indicate  the 
reachability  of  OEPs  1 through  7,  and  11  and  12,  since  each  of  these  para- 
meters n ?w  contains  terms  which  are  the  products  of  control  mass  and 
control  mass  position. 


Elastic  Parameter  Reachability 

CoriBlder  the  moment  producing  system  depicted  in  Fig.  IX-4  which 
Is  composed  of  two  point  masses,  M and  m^ , and  the  appropriate  lever 
arm  having  mass  m^.  Assume  that  the  original  mass  center  of  this  system 


FIG.  IX-4  POINT  OF  APPLICATION  INCREMENT  EXAMPIJE 
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is  perturbed  In  position  from  d to  (d  4 A). 


exists  at  CM  and  that  m 
o c 

Under  these  conditions, 


CU 

o 


4 (M 


4 m )(x 
c 

4 M 4 m 

c 


o 


+ d) 


CM. 


Vl  ^ ^ "c  (Xo4d4A) 


4 M 4 m 


(9.10) 


(9.11) 


and  the  change  in  CM  position,  &(CM)  is 


6{cm) 


m A 
c 

4 M ^ 


m 

c 


(9.12) 


In  a similar  manner,  the  change  in  effective  point  of  load  application 
can  be  calculated  relative  to  point  zero  of  Fig.  IX-4.  For  the  unper- 
turbed configuration,  the  effective  point  of  load  application  for  moment 
about  zero  is 


P 

o 


X ) 4 (m  4 m )d 
o c_ 

+ M + in 

c 


(9.13) 


Sub8e()U6nt  to  motion  of  throu^^h  the  distance  Af  the  effective  point 

of  load  epplication  is 


4 Md  T m^(d  4 A) 


in  4 M + m 
L c 


and  the  Increment  ?)P  to  the  point  of  application  is 
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(9.14) 


s 


SP 


(9.  15) 


m A 
c 


\ 


+ M + m 


Hence,  comparison  of  (9.12)  and  (9.15)  yields 


5P  = 6(cm)  . 


(9.16) 


The  significance  of  this  result  in  light  of  compliance  equations  (8.56) 
and  (8.58)  is  clear — the  motion  of  a control  mass  along  the  longitudinal 
axis  of  a gradiometer  arm  affects  the  lateral  compliance  of  that  arm  by 
perturbing  the  effective  point  of  load  application  through  a distance  equal 
to  the  change  in  mass  center  position  of  that  arm.  Therefore,  defining 


T)  . = d . + Aj, . 

J J 


(9.17) 


where  At-ij  = increment  to  the  mass  center  position  of  the  jlh  arm  relative 
to  sensor  axes,  the  odd  arm  lateral  compliance  accounting  for  control  mass 
relocation  along  the  longitudinal  (x)  axis  is 


A 


^*"3^  ^o  • 


(9.18) 


Similarly,  for  the  even  arm, 


XX 


Et  j 


) j 2 '2 


2[a  + U . 


(9.19) 


It  is  also  noted  that  the  lateral  compliance  of  either  the  odd  or  even  arm 
may  be  changed  without  perturbing  the  mass  center  of  that  arm. 
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C.  THE  PARAMETER  CONTROL  PROBLEM 


Having  established  the  reachability  of  all  independent  OEPs  by  the 
mass  repositioning  control  system,  the  parameter  control  problem  can  be 
stated  as  follows; 

• given  the  vector  of  estimates  ? of  the  12  independent  OEPs,  and 

• given  the  vector  P of  the  same  12  independent  OEPs  for  an 
ideally  constructed  and  operating  instrument, 

• find  the  vector  of  control  increments,  Ax,  which  satisfied  the 
under-determined  least  squares  control  law  developed  in  Ch.  VII-C. 

For  the  Hughes  RGG,  the  parameter  vector  AP  is  defined  by  (9.20), 

AP  . APj’  ^3’  '=^4’  ^12'  “'l3’  ^14’  ^15’ 

(9.20) 

The  control  vector  Ax  is  defined  by  Table  IX-2,  and  the  matrix  F of 
partial  derivatives  is 


F 


12X28 


tel 


j=l,2 

i=l,2 


,28 

,12 


(9.21) 


The  resultant  control  increment  vector,  Ax,  is  specified  by  (7.10). 


D.  PARAMETER  CONTROLLABILITY 

Parameter  reachability,  which  has  been  demonstrated  for  all  the  OEPs 
is  a necessary  but  not  a sufficient  condition  for  parameter  controllability. 
In  general,  the  parameter  vector  '^P  is  controllable  if,  using  unconstrained 
values  for  the  control  AP  can  be  driven  to  any  arbitrary  value  in  a 

finite  number  of  control  iterations.  In  terms  more  directly  applicable  to 
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OEP  control,  the  vector  AP  is  controllable  If  an  only  if  matrix  F has 

T -1 

rank  12.  If  matrix  F has  rank  12,  then  (FF  ) exists  and  AP  can 
be  driven  to  zero.  Note  that  an  additional  practical  constraint  upon 
controllability  is  that  the  control  increments.  Ax,  required  must  be 

T -1 

physically  available  to  the  system.  Hence,  even  though  the  matrix  (FF  ) 
exists,  if  the  value  of  which  results  is  10  meters,  the  system  is 

theoretically  controllable  but  uncontrollable  in  practice. 

Ouv.put  effective  parameter  controllability  is  demonstrated  in  this 
chapter  using  general  test  case  results  as  validation.  The  sensitivity  or 
partial  derivativ  mu  w rt::  F was  developed  both  analytically  and  numeri- 
cally. The  numerical  development  used  successive  perturbations  of  the  indi- 
vidual controls  which  caused  increments  to  the  various  OEPs.  Controller 
performance  using  the  numerically  determined  sensitivity  matrix  was  much 
superior  to  that  which  used  analytical  partials.  The  reasons  for  this  im- 
proved performance  are  the  systems'  nonlinear  nature  of  the  system  and  the 
fact  that  the  numerical  partials  include  axial  misalignment  effects.  It 
was  also  noted  that  the  quality  of  control  system  performance  was  a func- 
tion of  the  controller  perturbations  used  to  develop  the  sensitivity  matrix 
F.  For  best  performance,  the  control  perturbations  used  to  develop  the 
matrix  of  partial  deiivatives  should  not  differ  from  the  largest  actual 
control  increments  applied  by  more  than  an  order  of  magnitude. 

Given  the  number  and  locations  selected  for  the  control  masses,  as 
specified  by  Table  IX-1,  qualitative  arguments  which  indicate  system  con- 
trollability can  be  made.  In  order  to  assure  parameter  controllability 
from  a physical  point  of  view,  it  is  necessary  that  no  control  or  combina- 
tion of  controls  always  affect  any  two  parameters  in  exactly  the  same  way. 

In  this  sense  the  highly  nonlinear  nature  of  the  system  is  an  aid  to  con- 
trollability, The  OEP  vector  was  found  to  be  controllable  with  28  control 
masses  available. 


DIGITAL  SIMULATION 

A logic  flow  diagram  representing  the  digital  representation  of  the 
underdetermined  least  squares  control  system  is  presented  in  Fig.  IX-5. 
The  digital  program  is  "static"  in  the  sense  that  it  does  not  account  for 
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READ  TRUE  AND  CALCULATE  ARM  MASS  CALCULATE  ARM  INERTIA 

START^  NOMINAL  INSTRU-  — CENTER  LOCATIONS  REL-  — — TENSORS  RELATIVE  TO 

MENT  DATA  ATIVE  TO  SENSOR  REFER-  SENSOR  REFERENCE  SYSTEM 

ENCE  SYSTEM  L__ 


FIG,  IX-5  SIMULATION  SUMMARY  CHART 


instrument  transient  output  during  control  application.  This  is  a negli- 
gible effect  since  both  the  estimation  and  control  systems  are  based  upon 
constant  parameter  values,  and  quasi-steady  state  operation.  The  simulation 
test  program  designed  to  validate  the  control  concept  is  outlined  in  the 
simulation  summary  chart. 

_1 . Program  Checkout 

Three  test  cases  were  designed  and  executed  to  validate  the  program. 

For  the  first  of  these  cases,  all  control  mass  values  were  set  to  zero  and 
all  instrument  physical  values  were  nominal.  Under  these  conditions,  the 
resulting  instrument  physical  parameters  were  expected  to  match  those 
listed  in  Table  lll-l.  Simulation  output  for  this  test  case  is  listed  in 
Table  lX-3.  System  physical  parameters  will  be  given  for  the  remainder  of 
this  chapter  in  the  form  of  Table  IX-3.  The  inertia  tensors  are  printed  by 
row  and  column  as  they  exist  in  the  program.  Hence,  the  1^^^^  term  is 
I , I is  I , etc.  The  symbol  SA  of  the  computer  output  refers  to 

XX  AM  ^ ^ 

the  sensor  axis  system.  The  symbol  BA  refers  to  the  principal  axis 
system  of  the  arm  specified.  TSB  is  the  transformation  to  the  sensor 
reference  system  from  the  arm  principal  axis  reference  system.  The 
difference  matrices  are  odd  arm  minus  even  arm  differences. 

Comoarlson  of  the  simulation  printout  of  Table  IX-3  with  the  ideal 
system  specifications  of  Table  III-l  indicates  proper  computer  modeling  of 

Q 

the  ideal  system.  The  inertia  tensor  data  are  correct  to  1 part  in  10  , 
the  accuracy  of  the  input  data.  Mass  center  calculations  are  exact. 

The  output  effective  parameter  vector  calculated  for  this  case  is 

listed  in  Table  IX-4.  Note  that  ideally  all  14  OEPs  a e zero,  except 

for  which  is  the  RGG  gradient  signal  coefficient.  The  ideal  case 

-3  2 

value  foi  that  parameter  is  6.122  x lO  kg  m . The  P calculation  is 

“16  2 

in  error  less  than  10  kg  sec  , and  acceptable  value  based  upon  the 
dynamic  range  Involved  within  the  computation  of  that  parameter.  The  trans- 
formations to  body  from  sensor  axes  remained  identity  matrices  as  expected. 
This  test  case  verified  formation  of  both  instrument  physical  and  OEPs, 
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Table  IX-4 


IDEAL  INSTRUMENT  OEP  CALCULATION  FROM  DIGITAL 
SIMULATION 
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t 

P 1 1 5 1 
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-c.ccccoccco  oc 

PUT) 

-0.000000000  00 

Two  additional  test  cases  were  devised  as  a check  on  control  law  per- 
formance, For  the  first  of  these  cases,  the  instrument  even  arm  mass 
center  was  offset  from  the  origin  of  the  sensor  axis  system  by  0.989  x 10  ^m. 
This  offset  was  accomplished  by  biasing  the  x location  of  each  even 

_5  ® 

arm  model  mass  by  1 X 10  m as  shown  in  the  test  input  data  of  Table  IX-5. 

Note  that  although  the  position  of  each  even  arm  model-mass  has  been  pe r- 
-5 

turbed  by  1 x 10  m,  the  arm  mass  center  bias  is  slightly  less  than  that 
value  due  to  the  fact  that  the  positions  prescribed  for  the  even  arm  control 
masses  remained  at  their  nominal  values.  By  seven  orders  of  magnitude  the 
most  significantly  effected  OEP  due  to  this  CM  shift  is  P^^  which  is  a 
linear  function  of  p^.  The  purpose  of  the  test  was  to  check  the  control 
as  applied  by  the  least  square  error  control  law  vs  the  intuitive  solution 
to  the  problem.  A simplified  representation  of  the  test  case  is  given  in 
Fig.  TX-6. 

Based  upon  the  direction  of  the  mass  center  error  and  the  avail- 

able dire.:tions  of  motion  of  the  various  controls  as  shown  in  the  figure, 

It  was  expected  that  control  masses  1,  4,  8,  11,  which  are  situated  upon 

the  instrument  odd  arm  and  control  masses  16,  17,  19,  20,  23,  24,  26, 

and  27  on  the  even  arm  would  exhibit  significant  motion  while  the  remaining 
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ARM  1 


a 


FIG.  IX-6  PRECONTROL  MASS  CENTER  AND  CONTROL  MASS  CONFIG- 
URATION FOR  CONTROL  TEST  CASE.  TEST  CASE  Oa. 


controls  would  be  only  slightly  effected.  This  result  was  verified  by 
the  digital  simulation.  Prescribed  control  Increment  magnitudes  for  till 
test  case  are  displayed  in  Fig,  IX-7.  Results  of  this  test  showed  even 
arm  mass  center  not  to  be  driven  to  zero.  This  result  was  also  expected 
The  precontrol  and  post  control  instrument  physical  data  are  shown  in 
Table  IX-6.  The  precontrol  and  postcontrol  OEP  are  listed  in  Table  IX-7 
Note  that  P^^  has  been  reduced  by  seven  orders  of  magnitude  while  all 
others  have  assumed  nonzero  values.  Additional  control  iterations,  each 
following  a new  parameter  estimation  exercise,  would  further  reduce  the 
size  of  the  parameter  residuals.  Since  no  one  control  affects  only  one 
parameter,  mass  repositioning  for  control  of  P^^j^  also  changes  the  values 
of  the  other  parameters. 
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CONTROL  SYSTEM  RESPONSE  TO  MASS  CENTER  OFFSET  OF  NOMINAL 
INSTRUMENT  IN  x DIRECTION. 


CM  OFFSET  TEST  INSTRUMENT  PHYSICAL  PROPERTIES.  (PRECONTROL) 


1 


I 

I 

I 


c o 

O O o 


o c 
o o 
c 3 
•3  n 
O r% 
O O 

o o 

?§ 

o o 

• • 

o o 


o ^ w 

o o o 

I 

u c u 
o Oi  o 
0^0 
o u*  o 
u o o 
3 ifN  o 
O »'  o 
o O O 
0-^0 
O O 
• • • 
o o o 


o o 
o o 


Q e 
O o 
O o 
c o 

2 ^ 
O o 
o o 
O o 
o n 
o o 
• • 
U o 


rs» 

o 

V 

o 

(^ 

4> 

r-i 


U o 

u w 

O sT 

o v* 

o u 

O 

O If* 


u 

o 

c 

o 

o 

3 

o 

o 

o 

o 

o 

o 


o o c 

o o o o 


8g 

o o 

O 

o o 
o e 
o c 
o o 
u e 
o e 
• * 
u o 


o 

9 

o 

o 


6 

o 

o 

o 

o 

o 

o 

o 

e 

u 


W w w 

O o u O 


C Q C 

O o u 
o c o 
o o o 
o o o 
o o o 
o o o 
o o o 
o o o 
0-^0 
• • • 
o o o 


« IM  O o 

^ O o o 

-•  a o u 

<o  <J  o 

A rg  W o 

« o o 

< W*  U Q 

^ o 
^ u w w 

u.  o 

> -W  o o 

Ui  O O 

• • • 

o o o 


t 


^4  0 0 

0 o o 

1 

U o u 
»n  o o 
rg  w o 
I*%  o o 
o o 
•o  u o 
o ««>  o 
«>4  <J  O 
>0  0 0 
o o 
• • • 
o o o 


^ o o 
o o o 


QUO 

o u o 

«J  w 
O O o 
out-) 
o o u 
out.) 
o o o 
o o o 
o o 
• « • 
o o o 


o 3 
W o u 


o a 
u o 
U o 
w o 


«-i  o 

u u 

w o 

I.)  o 
o 3 
O 3 

• • 

o O 


o 

•f 


o 


v> 

y» 

(W 


O 04  O 
woo 
I 

u o o 

l/N  W 
W l*g  U 
0^0 
o t> 


U <>j  o 
3 0 0 
o m O 


% r%  O 

«»  u o u 

' ■ p 

- o o o 

o ->  o 
\ ,r  r>  3 

Qi  ri  O 

« o o o 

• « o 

L)  ^ O 

II  u o o 

Cl  -4  w)  w 

««  w O 

* • • 

o w w 


O o rg 

o o o 

I 

coo 
o o ^ 
o o tf' 
o (J  A) 
O o A* 

O O Ml 

o o <>g 
U o 
O o « 
O o 

« « • 

w O o 


l/t 

K 


o a o 
o o « 

O O g) 
O U g> 

o o u 

O O 
O O ;)t 
o o r» 
U O fM 
0 0-4 


0 o o 

1 « 


h 3 


o IV  o 
O O o 
I 

o O c 

w «o  o 
W o 
3 #ri  O 

o o 
3 O 
U o o 


3 o 
vg  o u 


u a u 
o n o 


U) 

o 

O) 

QC 

lAl 


O o 
O o L9 
I 

o Ul  3 
0^0 
o <3  o 

O N O 

o ‘T  o 

!?38 

O -4  o 
0-4  0 
0 3 0 
• • • 

0 3 0 


rg  O O 

0 O O 

1 

o c O 

w Q o 
3 • J 
•M  f>  O 
'4  0 0 
-M  IJ  W 
O O O 


VI  w s/ 


J o <o 
I I 


o O *"4 
O O O 

o o o 

80  o 
o o 
o o u 
o o o 
o o o 
o o o 
o o a 

QUO 
O O ^ 

* * • 

o o u 


o 

o 

o 

o 

a 

a 

o 

o 

o 

o 

o 

o 

Q 


O >4  O 

o o o 

a o u 
woo 
o o o 
o o o 
o o o 
o o o 

O U ij 

o o o 
o u o 

to  *4  O 
• • • 

O o o 


3 


U) 

to 


o 

Q 

CJ 

u 

o 

o 

o 

3 

U 

u 

o 

o 


o 

o 

u 


O O o 
v>  j o 
to  o o 
o u o 


X. 

.c 

<( 

o 

n 

u 


-262- 


1 


CtCOCkOOOO  00  0.3;2<.7£3<.t0-C7  C.CCCCCCCoOD  CO  O.OCOOOOOOQC  00  0.J524783<.60-0T  O.OOOOOOOOOP  00 

tCOOCCCOOO  CO  O.COCCOOOCCO  CO  0.602737S720-07  O.OOCCCCCCJD  00  O.OOCCOOOOCO  OC  C. 6027379720-07 


01,3  *>•><  CO-PL  I*sce  u E^'E^  compliance 


► 


o o 

coo 

O O O 

o o ^ 

O C. 
o r»  a 
o o 
O o 
O o ^ 
O c % 
o o o 
o c ^ 
• • • 
o o o 


C o Q 
o o 3 
0^0 
O -M  O 

o «o  u 
O O 
0^0 
O o 

t5  s/>  O 
0-^0 


►-  o o 

0 o o 

1 u>  o 

’Cl  3 W 

>#  o w 

o 
«#  o 

O W 
< O W 

EN  o o 
o o 
o o 


O O 

o o o 

I 

o o o 

O O M 
o w ^• 

U W O’ 
•'JON. 
3 w -n 

o ^ 

O u 
o o o 
O o o 


U o (-1 

Ci  d «« 

0^0 
O E^  O 

o o 
0^-0 
o -#  o 

J EM  O 
V.I  •*  O 

•-»  *•'  o 


rs  o o 
^ n n 
^30 

♦>  o o 

•**  J LJ 

^ J 'J 
J w 
MOO 

ImE  O 


o -r  o o 

^ o — O o 

UJ  O -4i  O Ml 

> M X o o 

Ul  X X O O 

U>  (A  O O 

>«  • • • 

• W CJ  Crf 


O o o 

O Q O 

o 

o o o 

fcj  VJ  9 W 

O O O ME 

X o o o o 

3C  O O •>  o 

o o 3 o 

— o 5 o 

0X000 
CJ  o o o 

O t » ^ 

• o o o 


<*i  c i 

^ X m 


r- 

EM  X 

mA  <A  IM 

PM  X X 

A.  E« 

• • • 

o o o 


i I I 

o c o 

mT  «•  tt 

X ME  X 
f’-  X X 
X IN  PM 
A-  X 

*r>  «•*  X* 

li%  O #•’> 

X -•  X 

X «A  fM 

o o o 


> (!) 


-^  <•}  p** 
r“  fN.  PM 
o ««  <r 
<N  «r\  X 
X X fM 
pp»  X -M 
• • • 
o o o 


vf  EM  ^ PM 


^ O (A 

IT*  PNJ 
X X X 
X*  PA  EM 


0 3 0 

• w 

X N X 
lA  U*  'M 


*n  o 

f J X -M 

X lA 


O o EM 

o o c 

O Q (!) 

o o ^ 

OCX 

r>  C X 

O o X 

O o PM 
O O - 
o O X 

O c EA 

• • • 

QUO 


O P"  o 
O o c 
) 

o c u 
C X c 
e X o 
0X0 
O EM  o 
O A-  O 
o M'  O 
o o o 
0 — 0 
0X0 
• • • 
o o o 


O O o 

— u o 

X o o 

o u 
••  o o 

r»  O O 
o o o 
EM  O o 

X o o 
lA  o o 

• • • 

o o o 


o r>  EM 
o o o 

o o o 

O O Al 
O O Oi 
O U 
O O mT 
O o X 


O PM  O 

O Q o 
I 

O o o 

O EM  ME 
0 — 0 
0*^0 
o EM  O 
O P”-  o 
o o u 

O EM  o 
0X0 
O A O 


woo 
— > o 
X o o 

A O 3 


Q 

o 


c 

o 

u 


-263- 


; lie  C.U15AlA1S0-ie  C.  l 7SE  3CSE90-12 

UltNlAriC-lS  0.iU0l5IN3C-a2  C.95976Al«<iO-17 
I79;>cti9l)- 12  0. 9*97691610-17  C .91  6 51  t S5OD-C0 


Table  IX-6  (Cont ) 


«t  O ^ C 

QU  O <0  O 

0^0 

O o 

o a»  o 
o f o 
o ■*  o 
o <N»  O 
o o 

UJ  0*^0 


rg  O ^ 
< III 
t/>  C O C 


\J  CJ  O O 

^ f-f  o 

«.  U U 

QC  o o 

« (COO 

r-  U O 

^ ^ w o 

iU  (M  O O 

> (A  & O 

UJ  O O 


Q O U 
WOW 
W O 

0 0*0 

o <z>  o 

O O r*  O 

m 0^0 

o u 

w m o 

w w f<>  w 


O — 

I I I 

O w a 

**i  *©  •'* 
V*  m ^ 
O O'  ^ 
r-  ® w 

< ^ K <« 

u%  -r  ^ 

w .% 

in  M 

UJ  ^ ^ « 

O • I • 

y 000 


— ^ o 
» V w •« 

3 *j  o 

o ‘in  o 
CJ  o ^ — 


<•111  0*t63i  902CC-05  0.6e8i9c.  /^-:5 

0-9:2o765  30-C7  C.  9 22  6 7 t<r  ?')- )7 

'•«JI  -0*  15992625C-11  -C. 1 1 7 I 9 4 2 f 0- U 


STANFOftO  UNXV  CALIF  AUIOANCC  AND  CONTROL  LAB 
STUDY  TO  OCVELOP  ORAOIOMETER  TECHNXQUCS. (U) 

JUN  77  0 B OCBRA*  C J PKLRA  I 

AFBL«TR-7S-0t97 


UNCLASSXFXEO 


4 0^4 

^8)48262 


I -78 


Table  lX-7 


CM  OFFSET  TEST  OEP  VALUES 


PRECONTROL 

POSTCONTROL 

PI  1 1 

o.occcoceoo  oo 

PI  u 

0.1T33)30TC-t2 

PI  2) 

C. 30CC30C0C  00 

»«  it 

C.9eiC£44SC-l 7 

P(  3) 

-C.  1 !OCCCO-OS 

FI  3) 

C.91 3 iit^sc-oe 

fi  4* 

-C.OC0000^3C  30 

PI  4) 

-Cel  64  «bC4 

PI 

C.e»22C2t4S0-02 

FIS) 

0«fp22C2437D-02 

»'(  1 1 

C.OCCCOCCmCi  00 

p(  «t 

C.l 7SSJi£TC-l2 

P|  7) 

c.ccccooajo  03 

PI  7) 

-0.9tl  ;t4^^J-l  7 

f <UI 

-O-l 5fc30C00O-04 

FI  11) 

C. 1 ic:97tf30'l 1 

P|  12) 

-C.CCCCOCCCO  00 

PI  ii\ 

o.fci ie3<«c*i« 

PI  13) 

-O.OCOCOCCCC  03 

PI13I 

c.uc3::uoco  oo  ; 

FI  14) 

-C.60616lg7C-l6 

PI  i<l 

-C.3C<i  ,)6C5C-li 

P|  1*  ) 

-C.CCCCCCCCO  00 

PU5I 

-0-976 'lieio-is 

»I16) 

-0.00CC0003C  00 

Fite) 

0.2  0*.  (3805C-1* 

M 1 1) 

-C.CCCC0C600  00 

PI17) 

-0.t!(c<.t930-21 

A similar  test  cast  which  specified  a mass  center  Inital  offset 

was  run.  The  results  of  that  test  were  equivalent  to  those  described 
above. 

Based  upon  these  test  cases,  the  simulation  was  Judged  to  be  working 
properly.  Furthermore,  the  observed  control  law  response  agreed  with 
Intuitive  predictions  relative  to  how  the  various  controls  would  be 
applied 


F.  GENERAL  ERROR  CASE  TESTS 

Several  general  error  cases  were  defined  by  perturbing  various  com- 
binations of  the  16  arm  model-masses  in  both  position  and  mass,  thereby 
providing  perturbations  of  the  OEP  vector  AP.*  The  cases  tested  were: 


Arbitrary  specification  of  model— mass  position  and  magnitude  is  the 
mechanism  which  allows  arbitrary  specification  of  the  OEP  vector  AP. 
In  all  test  cases  the  initial  positions  of  the  control  masses  were 
their  respective  nominal  positions. 
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(1) 

all 

arm 

4 model  masses, 

(2) 

all 

arm 

3 and 

4 model  masses. 

(3) 

all 

arm 

2.  3, 

and  4 model  masses. 

(4) 

all 

arm 

model 

masses. 

The  perturbations  applied  to  the  16  model-masses  (or  the  various  test 
cases  are  shown  In  Figs.  IX-8  through  IX-11. 

F. 1 Test  Case  4 — All  Model-Mass  Values  and  Positions  Perturbed 

Test  Case  4 most  generally  perturbed  the  input  data  from  nominal 
values.  The  errors  associated  with  the  separate  model  masses  were  Inde- 
pendently and  randomly  selected.  Instrument  physical  data  for  this  test 
case,  prior  to  any  control  application,  are  listed  In  Tables  lX-8  and 
lX-9.  Test  case  Input  data  are  compared  with  error  analysis  data  of 
Table  1II-2  in  Table  IX-10.  The  test  case  error  levels  generally  equal 
or  exceed  those  specified  within  the  error  analysis  of  Ch.  Ill, 

Three  separate  control  Iterations  comprised  the  test  case.  Each 
control  Iteration  consisted  of  (1)  estimation  of  the  OEP;  (2)  Calculation 
of  the  appropriate  control  Increment  vector  using  the  least  squares  con- 
trol criterion.  Figure  IX-12  shows  the  history  of  several  OEP  as  a func- 
tion of  control  Iteration.  The  parameters  reduced  by  2.4  to  10  orders 
of  magnitude.  Instrument  physical  parameters  subsequent  to  the  third 
Iteration  are  provided  in  Table  IX-11.  Numerical  histories  of  the  OEP 
during  the  test  are  tabulated  in  Table  IX-12.  Position  Increments  for 
each  control  mass  at  each  control  Iteration  are  listed  In  Table  IX-13. 

In  addition  to  demonstration  of  overall  controller  operation.  Test 
Case  4 also  indicated  certain  trends  associated  with  least  squares  OEP 
control.  Arm  mass  center  location  was  set  by  the  first  control  iterations 
and  changed  little  during  the  second  and  third  control  cycles.  Test  Case 
4 odd  and  even  arm  mass  center  locations  vs  control  Iteration  are  given 
in  Pig.  lX-13. 
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INSTRUMENT  ARM  MASS  AND  MASS  CENTER  DATA  PRIOR  TO  CONTROL 


lieTRUIOBirr  physical  data  prior  to  control  application 


Cont 


Table  IX-9  (Cont) 


COMPARISON  OP  TEST  CASE  4 INPITT  DATA  WITH  ERROR  ANALYSIS  INPITT  DATA  DEMONSTRATING 
THE  CAPABILITY  OF  THE  SYSTEM  TO  CONTROL  ERRORS  IN  INSTRUMENT  MANUFACTURING  WHICH 


INSTRUMENT  PHYSICAL  DATA  SUBSEQUENT  TO  FINAL  CWTROL 


Table  IX-11  (Cont) 


OEPs  AS  A FUNCTION  OF  CONTROL  ITERATION 
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CONTROL  INCREMENTS  BY  ITERATION  NUMBER  ( m) 


p**-" 

I 


The  second  and  third  control  Iterations  trim  the  OEP  which  are  less 


strongly  a function  of  CM.  In  particular,  the  third  Iteration  aligns 
arm  principal  axes  to  the  sensor  axis  system.  Arm  principal  axis  rota- 
tions relative  to  sensor  axes  as  a function  of  control  iteration  for  this 
test  case  are  shown  in  Fig.  IX-14, 

The  overall  effect  of  the  control  upon  RGG  error  torque  output  for 
Test  Case  4 is  calculated  in  Table  IX-14.  The  total  2w^  output  torque 
error  is  reduced  from  its  precontrol  value  of  10^  E.U.  to  a postcontrcil 
value  of  slightly  less  than  0.10  E.U. 

F-2  Additional  Test  Cases 

Graphical  results  from  Test  Cases  1 through  3 cited  in  Section  IX-D 
are  shown  in  Figs.  IX-15  through  lX-23.  The  OEP  magnitude  histories  for 
these  cases  appear  in  Figs.  IX-15,  IX-16,  and  IX-17.  The  controller  in 
all  cases  performed  in  a manner  similar  to  that  of  Test  Case  4,  although 
OEP  absolute  magnitudes  very  from  case  to  case. 

Histories  of  arm  mass  center  positions  for  the  test  cases  are  given 
in  Figs.  IX-18  to  IX-20.  In  all  cases,  the  terminal  mass  center  position 
is  determined  to  vithin  5%  after  the  first  control  application.  Further- 
more,  arm  mass  center  position  is  seen  to  be  almost  incidental  and 

uncontrolled.  This  is  reasonable  since  this  mass  center  component  is 
never  more  than  a second  order  small  contributor  to  sensor  error  torque 
output. 

Figures  IX-21  to  IX-23  display  the  iteration  histories  of  arm  prin- 
cipal to  sensor  axis  rotations  for  the  additional  test  cases.  The  magni- 
tude of  each  misalignment  angle  is  reduced  by  approximately  4 to  6 orders 
of  magnitude  through  each  test.  However,  the  zero  slope  situation  between 
iterations  1 and  2 — which  is  quite  noticeable  in  Figs.  IX-14  and  IX-23 
for  Test  Cases  4 and  3 — is  much  less  significant  in  Test  Cases  1 and  2. 
Absolute  values  of  the  transformation  angles  tend  to  posses  a greater 
terminal  value  as  the  complexity  of  the  initial  error  state  is  increased. 
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CONTROL  ITERATION  NUMBER 


FIO.  IX-19  ARM  CM  LOCATION  AS  A FUNCTION  (W  CONTROL 
ITERATKW.  TEST  CASE  i. 
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FIG.  IX-20  ARM  CM  LOCATION  AS  A FUNCTION  OF  CONTROL 
ITERATION.  TEST  CASE  3. 
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CONTROL  ITERATION  NUMBER 


PIG.  IX-22  AHM  TO  SENSOR  ROTATION  ANGLES  AS  A FUNCTION  OF 
CONTROL  ITERATION.  TEST  CASE  2. 
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CONTROL  ITERATION  NUMBER 


FIG.  IX-23  ARM  TO  SENSOR  ROTATION  ANGLES  AS  A FUNCTION  OF 
COOTROL  ITERATION.  TEST  CASE  3. 


Cu  variations  IX  THE  NOMI><AL  CONTROL 
MASS  VALUES 


In  order  to  evaluate  the  effect  of  using  different  control  masses 
upon  controller  performance,  an  additional  general  test  case,  Test  Case 
5,  was  defined.  Test  Case  5,  with  nominal  I and  2 gram  control  masses 
mounted  as  described  in  Sect,  IX-B  was  similar  to  Test  Case  4 in  that  the 
parameter  errors  included  within  this  case  exceeded  design  specifications 
by  approximately  2 orders  of  magnitude.  Least  squares  control  system 
performance  for  this  case  is  displayed  for  several  selected  OEP  in  Fig, 

IX- 24.  The  precontrol  2u  output  torque  error  for  this  system  was 

-9  ® 

approximately  5,35x  10  N m,  while  the  2u)  error  torque  subsequent 

* -14 

to  the  last  (third)  control  iteration  was  approximately  4,90  x 10  N m. 
The  2w^  error  torque  subsequent  to  the  third  iteration  corresponds  to 
a gradient  signal  error  of  approximately  0,014  E,U. 

Two  variations  of  control  mass  values  were  defined  for  Test  Case 
5 and  are  referred  to  as  Cases  5a  and  5b,  The  first  of  these  cases,  Test 
Case  5a,  was  executed  with  control  masses  equal  to  0,5  and  1,0  grams 
instead  of  the  nominal  1,0  and  2,0  gram  control  masses.  For  the  second 
case,  5b,  the  nominal  1.0  and  2.0  gram  control  masses  of  Test  Case  5 
were  increased  to  2,0  and  4.0  grams  respectively. 

Test  Cases  5,  5a,  and  5b  yielded  the  results  expected  in  terms  of 
control  mass  motion.  In  all  three  cases,  OEP  reduction  was  adequate  to 
assure  FOG  operation  at  signal  error  levels  below  1 E.U,  Of  particular 
Interest  was  the  controller  performance  with  respect  to  P^^  control,  as 
displayed  In  Fig.  IX-25. 

The  parameter  values  of  Fig.  IX-25  correspond  to  RGG  error  signals 
between  0.07  E.U.  (for  P^^  control  during  Test  Case  5a)  to  1.8  X 10  ^ 

E.U.  (for  P^^  control  during  Test  Case  5).  Fig.  IX-26  displays  the 
control  mass  increments  for  control  iteration  I,  for  each  of  the  three 
test  cases.  The  solid  and  open  crosses  represent  control  mass  motion  for 
the  2 X and  1/2  x nominal  control  mass  cases  respectively,  while  the 
solid  triangles  represent  control  mass  motion  for  Test  Case  5 which  assumed 
the  nominal  control  mass  values  of  1 and  2 grams.  The  figure  supports 
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Intuition  with  respect  to  the  mass  motion,  although  a linear  1,  2,  4 
progression  Is  not  evident.  Examination  of  Fig.  lX-26  Indicates  that,  in 
general,  when  the  control  mass  was  one-half  (or  twice)  the  nominal  value, 
the  motion  was  twice  (or  one-half)  the  nominal  motion,  and  that  both  these 
motions  occurreed  In  a consistent  direction.  However,  the  motions  of  masses 
5,  6,  14,  and  15  did  not  follow  this  pattern.  The  reasons  for  these 
deviations  are  not  clear.  Two  likely  contributors  to  the  pri  blem  are: 

(1)  The  quadratic  cost  function  upon  which  the  control  law  is 
based  , weights  all  control  mass  motions  equally,  and  weights 
them  Independently  of  algebraic  Sign.  By  changing  the  motion 
of  a control  which  moves  relatively  little  from  plus  to  minus, 
the  motion  of  a second  control  which  moves  farther  in  the 
nominal  case  could  be  reduced.  Such  a situation  would  decrease 
the  value  of  the  cost  function; 

(2)  Since  the  controls  are  of  nonzero  mass,  they  are  contributors 
to  system  initial  conditions.  An  altered  system  Initial  con- 
dition Is  expected  to  result  In  an  altered  control  vector  Ax, 

Control  nass  motion  associated  with  Test  Case  5a  is  substantially  larger 
than  that  associated  with  Test  Case  5,  while  control  mass  motion  asso- 
ciated with  Test  Case  5b  is  substantially  less  than  that  associated  with 
Test  Case  5.  The  data  of  Fig,  IX-26  and  subsequent  control  Iterations  are 
moat  easily  evaluated  in  terms  of  overall  motion  from  the  statistical 
tabulation  of  Table  IX-15. 

In  Teole  IX-IS,  mean  (p)  and  standard  deviation  (0)  values  have  been 

calculated  based  upon  the  motion  of  all  28  control  masses,  for  each 

control  Iteration,  for  Cases  5,  5a,  and  5b,  From  Table  lX-15,  It  la 

apparent  that  the  larger  control  masses  of  Test  Case  5b  move  through 

consistently  smaller  distances.  Only  the  Iteration  1 data  of  the  Table 

ace  significant  for  case-tocase  comparison  since  the  motions  associated 

with  Iterations  2 and  3 are  generally  one  order  of  magnitude  smaller 

than  the  iteration  1 motion,  and  are  described  relative  to  the  previous 
0 

Iteration  conditions.  The  control  motion  sequence  for  cases  5a,  5,  and 
5b,  based  upon  iteration  1 data  is  3.6,  2.2,  1 as  compared  to  4,  2,  1 
based  upon  a strictly  linear  interpretation  of  control  mass  performance 


i 


2 

! 
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sensitivity.  Hence,  to  first  order,  a change  in  the  magnitude  of  the 
control  masses  can  be  expected  to  change  linearly  and  Inversely  the  dis- 
tances through  which  the  control  masses  move, 

H.  REDUCTION  IN  THE  NUMBER  OF  CONTROL  MASSES 

Using  Test  Case  5 as  a datum,  several  additional  control  mass  con- 
figurations were  defined  in  an  attempt  to  reduce  the  total  number  of 
control  masses  employed  by  the  least  squares  controller.  Based  upon  the 
control  mass  increments  noted  in  Test  Cases  1 through  5 it  was  evident 
that  the  z-axls  controls — MCO_,  MCO, _ , MCE_,  and  MCE  ^ (see  Table  IX-2) — 
could  be  removed  wltii  negligible  effect  upon  controller  performance  (Test 
Case  6).  These  controls  were  removed  from  the  system  of  Test  Case  5 and 
the  system  was  exercised.  Figure  IX-27  displays  tffiP  vs  controller  per- 
formance for  Test  Case  6.  The  results  closely  approximate  those  of  Test 
Case  5 as  expected.  The  z-axis  controls  were  concluded  to  be  unnecessary. 

Further  reductions  in  the  total  number  of  control  masses  were  much 
less  successful.  Analysis  of  the  Instrument/control  system  design  indi- 
cated that  removal  of  any  additional  control  masses  required  the  removal 
of  8 additional  control  masses  due  to  the  asymmetrical  effects  of  control 
mass  removal  upon  the  separate  Instrument  arm  inertia  tensors.  Signif- 
icantly asymmetrical  arms  would  require  large  control  mass  increments 
and  would  be  expected  to  saturate  the  control  mechanisms.  This  situation 
amounts  to  practical  uncontrollability  although  the  system  is  theoretically 
controllable. 

The  control  mass  placement  for  a 16  control  mass  test  Is  shown  In 
Fig,  IX-28,  With  the  basic  system  of  Test  Case  5 restructured  to  conform 
to  the  control  mass  placement  of  Fig.  IX-28  (Test  Case  7),  the  controller 
system  was  again  exercised,  yielding  the  OEP  vs  control  iteration  histories 
of  Fig.  lX-29.  Based  upon  system  performance  between  Iterations  0 and  1, 
it  is  clear  that  all  parameters  remain  reachable  with  this  reconfiguration, 
as  expected,  since  16  controls  remain  available  for  control  of  only  12 
OEPs. 
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CONTROL  ITERATION  NUMBER 


FIG.  IX-27  CONTROLL£R  PERFORMANCE  FOR  TEST  CASE  6 SYSTEM 
CONFIGURATION.  z-AXlS  CONTROL  REMOVED. 
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FIG.  IX-28  CONTROL  MASS  PLACEMENT  FOR  ODD  ARM  WITH  SYSTEM  RECONFIGURED 
TO  8 CONTROL  MASSES  PER  ARM. 


Observation  of  system  performance  during;  subsequent  iterations, 
however,  Indicates  a lack  of  available  control  configurations  to  reduce 
simultaneously  all  12  OEPs  to  levels  of  operation  below  l E.U. 


I_.  CONCLUSIONS  REGARDING  THE  UNDER-DETERMINED  LEAST 
SQUARES  CONTROLI^R 

Based  upon  the  analyses  and  test  case  results  of  Chapters  VII  through 
IX,  It  Is  clear  that  the  under-determined  least  squares  control  law  is 
an  effective  approach  to  OEP  control.  Digital  simulations  Indicate  that 
manufacturing  errors  corresponding  to  60,000  E.U.  can  he  reduced  to  below 
1 E.U.  This  reduction  in  output  error  can  be  achieved  using  24  control 
masses  of  1 and  2 grams  placed  symmetrically  about  the  arms  of  the  RGG. 

For  such  a configuration,  each  control  mass  requires  less  than  0.50  mm 
of  motion  to  provide  OEP  control. 

Furthermore,  it  has  been  shown  that  the  amount  of  mass  motion  re- 
quired to  control  the  parameters  changes  "linearly"  with  the  size  of  the 
control  masses.  It  was  also  shown  that  using  the  identity  matrix  as  the 
parameter  control  weighting  matrix,  mass  motion  control  parallel  to  the 
Instrument  spin  axis  was  not  required. 


-301- 


Chapter  10 


CONCLUSIONS  AND  RECOMMENDATIONS  FOR  FURTHER  STUDY 

A.  CONCLUSIONS 

In  order  to  provide  a complete  measurement  ol  the  gravity  gradient 
tensor,  three  independent  gradlometers  are  required.  In  order  to  mini- 
mize the  error  in  the  estimates  of  the  tensor  components,  the  sensitive 
axes  of  the  Hughes  and  Bell  Instruments  should  be  orthogonal.  The 
between-the-welghts  axes  of  the  Draper  Labs  spherical  gradlometer  should 
lie  along  the  diagonals  of  three  planes  which  form  the  corner  of  a cube. 

Production  of  a I EU  moving  base  gravity  gradlometer  represents  a 
quantum  jump  in  the  precision  levels  required  for  the  manufacture  of  an 
inertial  instrument.  It  is  nearly  certain  that  analytical  output  com- 
pensation will  be  required  if  these  instruments  are  to  achieve  their 
1 EU  accuracy  design  goal. 

Estimation  of  the  separate  instrument  physical  parameters  is  not 
required.  It  is  necessary  only  to  estimate  the  composite  of  all  para- 
meters which  effect  the  output  in  the  same  way;  ie.e.,  groups  which 
modulate  the  same  dynamic  input.  These  composites  were  defined  as  the 
'output  effective  parameters'  (OEPs)  and  can  be  estimated. 

Several  different  approaches  to  OEP  estimation  can  be  used.  Phase 
sensitive  signal  demodulation  is  the  approach  which  is  recommended  due 
to  its  simplicity.  This  method  requires  application  of  known  inputs 
to  the  sensor  platform.  Based  upon  compensation  technique  analysis,  an 
active  parameter  control  mechanism  is  recommended.  Active  parameter 
control  can  compensate  for  modeling  errors  which  are  undetected  if  only 
an  analytical  output  compensation  approach  to  sensor  signal  correction 
is  used.  Small  masses  which  can  be  repositioned  on  the  arms  of  the 
rotating  gravity  gradlometer  (rGG)  provide  an  effective  means  of  para- 
meter control  for  this  instrument.  Using  mass  motion  it  is  possible  to 
control  compliance  related  parameters,  as  well  as  inertia  and  mass 
center  related  terms.  A simple  least  squares  control  law  is  adequate 
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for  specifying  mass  repos  1 1 ion ing  requirements 


B.  RECOMMENDATIONS  FOR  FURTHER  STUDY 

The  mechanisms  of  parameter  estimation  and  control  developed  for  the 
Hughes  RGG  do  not  apply  directly  to  cither  the  Draper  Labs  gradiometer 
or  the  Bell  gradiometer.  The  methods  developed  could,  however,  be  used 
to  synthesize  compensation  algorithms  for  both.  In  fact,  the  Bell  In- 
strument already  uses  parameter  control  as  an  integral  part  cf  Its  design. 

The  actual  frequency  content  of  the  gradiometer  signal  will  be 
significant  In  the  determination  of  the  inputs  to  be  applied  for  para- 
meter identification  and  should  be  evaluated  as  the  instruments  are 
tested. 

The  output  spectra  of  the  platform  forcing  mechanism  and  the  plat- 
form sensors  will  play  a significant  role  in  overall  system  performance. 
Investigations  Into  these  areas  will  Involve  tradeoffs  between  the  de- 
signs of  jitter  isolation  equipment  and  the  sensing  and  compensation  re- 
quired. 

A complete  simulation  and  testing  program  will  be  necessary  for 
parameter  estimation  and  control  system  validation.  The  significant 
expense  of  digital  simulation  (including  noise  models  and  high  frequency 
effects)  must  be  traded  against  the  relatively  low  accuracy  of  analog 
implementation.  The  feasibility  of  a hybrid  implementation  should  be 
considered  as  an  alternative  to  this  tradeoff  for  the  initial  stages 
of  final  compensation  technique  validation. 

The  size  of  the  gradiometers  prevents  the  use  of  a large  number 
of  instruments.  At  least  a fourth  instrument  should  be  considered  as  a 
consistency  check  and  a way  of  reducing  the  expected  value  of  the  errors 
in  the  gradient.  An  optimum  orientation  should  be  calculated  and  it  is 
expected  that  complete  gradient  Information  would  be  available  from  any 
three,  though  the  expected  values  of  the  variances  would  be  somewhat 
larger  than  the  four- Instrument  case. 


Appendix  A 


THE  COXTROL  MASS  MOTION  MECHANISM 


* 


The  mass  motion  devices  currently  under  consideration  for  use  with 
the  RGG  are  the  mercury  mass  balance  tubes  discussed  in  Ref.  AM-1, 

This  device  was  the  first  mass  motion  control  device  considered  but  it 
has  limitations.  Recent  experiments  with  the  mechanisms  indicate  diffi- 
culty of  operation  within  a 2 g environment.  A simple  calculation 
shows  the  centripetal  accelerations  at  the  ends  of  the  RGG  arms  to  be 
approximately  bO  g.  Hence,  it  was  advisable  to  seek  another  sou.-ce  of 
mass  motion,  one  which  provided  enough  output  force  to  operate  under  the 
50  g constraint  while  maintaining  a wide  enough  range  of  motion  to 
accommodate  the  required  shift  in  control  masses  (upper  bound  of  1 mm). 
One  mechanism  whierh  exceeds  both  these  specifications  is  a piezoelectric 
device  produced  by  Hurleight  Instruments  called  the  ' Inchworm' . The 
standard  device,  which  Incorporates  three  separate  but  attached  piezo- 
electric crystals,  can  provide  5-lb  through  distances  of  up  to  25  mm 

“ 9 r “» 

with  an  accuracy  of  6 x 10  m LBO-lJ.  The  speed  of  the  motion  is 
variable  from  0.3  iiny^minute  to  iO  mny/minute. 

The  principle  of  operation  of  the  device  is  demonstrated  in  Fig.  A-1. 
Crystals  1 and  3 operate  as  clamps  during  voltage  application,  whereas 
crystal  2 extends  linearly  during  voltage  application.  The  following 
example  demonstrates  the  simplicity  of  operation.  The  operating  sequence 
shown  in  Fig.  A-1  causes  the  shaft  to  be  pulled  to  the  left. 

a)  At  time  zero,  crystal  1 is  clamped,  locking  the  control  shaft 
in  place; 

b)  While  crystal  1 (cl)  remains  clamped,  a voltage  is  applied 
across  crystal  2 (c2)  causing  a linear  extension  of  c2; 

c)  Following  extension  of  c2,  crystal  3 (c3)  is  clamped  onto  the 
shaft; 

d)  cl  is  opened  to  allow  free  motion  of  the  shaft  through  cl; 

e)  The  voltage  across  c2  Is  removed,  causing  a contraction  which 
pulls  the  shaft  to  the  left  since  c3  is  clamped; 
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f) 

cl 

is  clamped; 

e) 

c3 

is  released 

and 

another  iteration 

may  be 

i iltiated. 

Repeated 

application  of 

the 

sequence  provides 

motion 

in  increments  of 

6 X lO  m.  Controller  physical  characteristics  and  specifications  are 
showin  in  Fig.  A-2. 


SPECIFICATIONS 

Inchworm:  PZ-SOO 

Travel 0-25mm 

Resolution  ol  Travel 6nm 

Speed 0 3>im  per  minute  to  20  mm  per  minute 

Load 5 lbs 

Housing  Material Chrome  Plated  Stainless  Sleel 

Spindle  and  Spindle  Tip  Material  ....  Invar  36 

Electrical  Connector Vikmg  Thorkom  II  TKP07-102 

Cable  Length 6 leet 

Sire (See  below  ) 


FIG.  A-2  INCHWORM  SPECIFICATIONS 

A 2 gram  mass  acted  upon  by  a centripetal  acceleration  of  50  g 
r« suits  in  a force  of  I N,  or  approximately  0.23  lb.  Hence,  the 
controller  described  in  Fig.  IX-5  is  approximately  one  order  of  magni- 
tude "overdesigned"  both  in  terms  of  force  output  capability  and  motion 
capability  in  the  arm  axial  direction.  The  operating  principle,  however 
is  applicable  to  RGO  application. 
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Appendix  U 


AN  APPKt’VCH  TO  fOMPl.IANCK  KINK  TUNING 


The  RGG  hlRh  compliance  pivots  are  solid  aluminum  cylinders  »lth  a 
length  to  diameter  ration  equal  to  1.  The  method  for  fine  tuning  t»o 
such  pivots  Is  straightforward.  Let 


Cj  = torsional  compliance  of  pivot  I , 
= torsional  compliance  of  pivot  2 , 


and  assume 


> C, 


(B.l) 

(B.21 


(B.3) 


For  a solid  cylinder  of  length  L subjected  to  a torque  T,  the  strain 
energy  U may  be  written  as 


P 


(B.4) 


where  G is  the  member  shear  modulus,  and  is  the  polar  moment  of 

Inertia  of  the  member  cross  section.  If  a groove  of  depth  6 and 
width  d Is  cut  Into  the  pivot,  Fig.  IX-l,  the  strain  energy  within  the 
pivot  due  to  the  torque  T Is 


U 


1 T_ 

2 G 


. L-d 
^ ^ 

nr 


4d 


«(  r - b) 


Hence  with 


(B.5) 


(B.6) 


the  compliances  can  be  matched  by  a cut  of  width  d and  depth  5,  where 


r 


ORIGINAL 

PIVOT 

DIAMETER 


C 


FIG,  B-1  HIGH  COMPLIANCE  PIVOT  MODIFIED  FOR  COM 
PLIANCE  MATCH. 
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